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This dissertation aims to explore the structure-property relations of bone as a nano-
composite material with hierarchical structure at different length scales. The studied mechanical 
properties of bone include elastic moduli and ultimate strength. 
In the first part of the current study, multiscale modeling approaches are proposed to predict 
the elastic stiffness constants of bone. The structure and properties of cortical and trabecular 
bones are analyzed separately at different length scales: nanoscale (mineralized collagen fibril 
level), sub-microscale (single lamella level), microscale (single osteon and interstitial lamella 
level in cortical bone and single trabecula level in trabecular bone), and mesoscale (cortical bone 
level and trabecular bone level). Different micromechanics methods, laminated composite 
materials theories, cellular solids approaches, and finite element methods are employed at each 
scale to account for the microstructure of bone at that scale. The predicted results for the elastic 
properties of bone at a lower scale serve as the inputs for a higher scale. Finally, the modeling 
results are verified by the experimental data available in the literature.  
Next, the developed multiscale models of bone are finetuned by analyzing the elastic 
behavior of treated (demineralized and deproteinized) cortical and trabecular bones. This study 
helps to better understand the effect of bone’s main constituents, namely protein and mineral 
phases, on bone’s overall mechanical behavior and to shed light on the interaction between these 
two phases. The predicted theoretical results for the elastic moduli of demineralized and 
deproteinized cortical and trabecular bones are verified by the corresponding results obtained by 
compression testing of bone samples. 
The second part of this dissertation focuses on the study of damage and failure in bone. To 
that end, first, the dominant deformation and damage mechanisms of bone are identified at each 
level of hierarchy, and, next, appropriate models are proposed to capture those mechanisms. The 
modeling is performed in a bottom-up fashion starting at the sub-nanoscale (collagen micro-fibril 
level) and moving the scales up to the nanoscale (mineralized collagen fibril level), sub-
microscale (single lamella level), and finally microscale (lamellar structures level). Finite 
element and cohesive finite element methods are employed to model the damage mechanisms of 
bone and predict its strength at the above-mentioned length scales. The predicted modeling 
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CHAPTER 1: INTRODUCTION 
Equation Section (Next) 
1.1. Background 
Bone is a connective tissue with multiple functions: it provides a structural support for the 
body, facilitates movement, protects vital organs, manufactures blood cells, and stores minerals. 
There are two hundred and six bones in a mature human body which are all made of two major 
bone types: cortical (compact) bone forming a hard outer core and trabecular (cancellous) bone 
filling the interior spaces and ends of long bones. Such geometry is optimal as it minimizes 
weight, reduces bearing stresses at joints, increases energy absorption, and allows the body to 
withstand high functional loads. As a structural material, bone has an ideal combination of 
properties for its application: high stiffness, strength, and fracture toughness, and light weight. 
Bone is a natural multi-phase composite material consisting of organic phase (32-44% bone 
volume), inorganic phase (33-43% bone volume), and water (15-25% bone volume) [1]. Like 
most other biological materials, bone has a complex structure spanning from nanoscale to 
macroscale. The excellent mechanical properties of bone are attributed to its hierarchical 
structure and the intricate combination and arrangement of its constituents.  
The following structural scales can be distinguished in the hierarchical structure of bone: 
macroscale, mesoscale, microscale, sub-microscale, nanoscale, and sub-nanoscale. The 
macroscale represents the whole bone level. At the mesoscale, the bone tissue is composed of the 
dense cortical bone and the spongy trabecular bone. The mature human cortical bone consists of 
osteons embedded in an interstitial bone and surrounded by a circumferential bone, whereas the 
trabecular bone is made of a porous network of trabeculae, with all these components having 
lamellar structures formed at the microscale. At the sub-microscale, a single lamella is built up 
by mineralized collagen fibrils together with some ellipsoidal cavities called lacunae. At the 
nanoscale, the mineralized collagen fibril is a composite structural unit consisting of collagen 
type I, nano-sized mineral crystals, water, and a small amount of non-collagenous proteins. The 
sub-nanoscale represents the atomic scale of bone’s constituents: collagen molecules and micro-
fibrils as well mineral crystals. 
Many experimental techniques and modeling methods were employed to characterize the 
mechanical properties of bone. However, most of the previous studies focused only on the 
behavior of bone at one single structural scale, which makes it difficult to understand how the 
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hierarchy of microstructures and the resulting mechanical properties at different length scales 
affect the overall mechanical behavior of bone. Such understanding is of importance in 
orthopedics for assessing mechanical properties of bone, including healthy and diseased bones, 
and the effects of age, exercise, diet, medications, and other factors. Especially, some bone 
diseases, like osteogenesis imperfecta and osteoporosis, are due to mutations in bone 
composition and structure at nanoscale, while their clinical symptoms usually appear at higher 
scales (meso- and macroscales). Therefore, a comprehensive multiscale experimental and 
theoretical framework is needed to understand the connection between different phenomena at 
different scales. That knowledge can also help in design of implant materials and scaffolds as 
well as fabricating synthetic bone substitutes, and can serve as a guide to engineers in the 
development of novel synthetic bio-inspired materials for a wide range of biomedical and other 
engineering applications. 
 
1.2. Dissertation Statement 
The present doctoral research focuses on theoretical modeling of mechanical properties of 
cortical and trabecular bones at different structural levels. The properties of interest include bone 
elastic moduli and bone ultimate strength. The modeling is performed through a bottom-up 
multiscale approach consisting of successive steps. Mechanical properties of cortical or 
trabecular bone are found at each of the hierarchy levels, while the results from a lower level 
serve as inputs for a higher level. Different continuum micromechanics, composite materials, and 
finite element methods are employed at each scale to account for structures of bone at that scale. 
While modeling the elastic behavior of bone, both untreated (UT) and treated, namely 
deproteinized (DP) and demineralized (DM), bones are considered. The study of treated bones 
helps to better understand the arrangement of bone’s main constituents, collagen and mineral 
crystals, as well as the interaction between them. 
 
1.3. Dissertation Outline 
The dissertation consists of two parts. The first part focuses on the multiscale modeling of 
elastic moduli of bone. In the second part, the main deformation and failure mechanisms of bone 
at each hierarchical level are identified and, accordingly, appropriate models are proposed to 
capture those fracture mechanisms and predict the strength of bone. 
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In Chapter 2, a literature review is conducted that summarizes the composition and 
biological structure of bone as well as different modeling techniques proposed in literature to 
predict mechanical properties of bone. The models are reviewed separately for cortical bone and 
trabecular bone at different levels of hierarchy. Advantages and drawbacks of the models are 
discussed and the open issues in modeling of bone are identified. At the end, various 
experimental data reported in literature for mechanical properties and volume fractions of bone’s 
constituents are reviewed. 
In Chapters 3 and 4, multiscale modeling approaches are developed for predicting the elastic 
moduli of cortical and trabecular bones at different structural scales. Different micromechanics 
and laminated composite material theories are employed throughout the modeling. For the elastic 
analysis of trabecular bone at mesoscale, finite element modeling of actual bone geometry 
obtained by micro-computed tomography imaging is performed. The modeling results at 
different scales are validated by experimental data available in the literature.   
Chapter 5 focuses on the study of treated (deproteinized and demineralized) bones which 
could shed light on the structure and mechanical properties of bone and the interaction between 
its protein and mineral constituents. The multiscale modeling approaches developed previously 
in Chapters 3 and 4, respectively, for cortical and trabecular bones are refined such that they 
become applicable to both untreated and treated bones. This study combines the theoretical 
modeling and experimental characterization of untreated, deproteinized, and demineralized 
bones: the experimental data on structure and composition of these three bone types serve as 
inputs for the multiscale modeling and, at the end, the modeling results are verified by the results 
of mechanical testing of bone samples.  
Chapter 6 presents a multiscale finite element modeling of bone strength. First, bone 
deformation and failure mechanisms are identified at each hierarchical scale, and, next, models 
capable of capturing those mechanisms are proposed. The modeling starts at sub-nanoscale (a 
collagen micro-fibril) and moves the scales up to nanoscale (a mineralized collagen fibril), sub-
microscale (a single lamella), and finally microscale (bone lamellar structures). The failure 
mechanism and strength of bone are predicted theoretically at each scale and the results are 
compared with modeling and experimental results available in the literature. The composition 
and structure of cortical and trabecular bones are similar at the mentioned scales; therefore, the 
proposed modeling approaches apply to both bone types.  
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The last chapter, Chapter 7, includes a summary of the modeling approaches and results, and 
recommends extensions to be considered in future studies. 
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CHAPTER 2: LITERATURE REVIEW 
 
Bone is a mineralized biological tissue which gives body its support and stability. In 
mechanical terms, bone is a nano-composite material whose main components are enormously 
different from the mechanical point of view: collagen molecules are soft and highly deformable 
[2], while mineral platelets are stiff and strong but brittle. The combination is arranged 
hierarchically in bone to form a nature-optimized material: stiff, strong, and tough. Yet, the 
underlying structural, physical, and mechanical foundations for such materials behavior are not 
fully clear. These provide a motivation for the current study. 
In this chapter, first, introductory remarks are given on the composition and structure of 
bone, and, next, the existing mechanics models proposed in literature to predict the mechanical 
properties of bone are reviewed and their assumptions, limitations, and shortcomings are briefly 
discussed. Such discussion will shed light on the open issues and unknowns in bone modeling 
and will also help in developing inclusive multiscale models of bone which can incorporate 
various physical, mechanical, and biological aspects of bone’s behavior. 
 
2.1. Constituents of Bone 
2.1.1. Organic Phase 
The main element of organic matrix is type I collagen which comprises 90% of the total 
protein in bone. The remaining 10% of bone protein consists of non-collagenous proteins (NCP), 
including protoglycans, osteonectin, osteocalcin, phosphoproteins, sialoprotein, growth factors, 
and blood proteins. Collagen type I is a fibrous protein composed of two α1 and one α2 chains; 
each chain has a repetitive amino acid sequence [X–Y-Gly]n (often X is proline, Y is 
hydroxyproline, and Gly is glycine) [3, 4]. This repetitive sequence allows three polypeptide 
chains to fold into a unique triple-helical structure which consists of three domains: the –NH2 
terminus non triple-helical (N-terminal), the triple-helical, and the –COOH terminus non triple-
helical (C-terminal) domains [4, 5]. Collagen molecules, called tropocollagen (TC), are ~ 300 
nm long [6] with a diameter of about 1.5 nm [4, 7]. Next, collagen molecules self-assemble into 
collagen fibrils by formation of covalent cross-linked bonds. The hierarchical structure of 
collagen fibrils is shown schematically in Figure 2.1 [2]. Cross-linking is one of the most 
important structural elements of type I collagen in mineralized tissues which provides the 
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fibrillar structure and contributes to various mechanical properties such as tensile strength, 
fracture toughness, and viscoelasticity [5, 8, 9]. Mutations in the amount and location of collagen 
cross-links were observed in some bone diseases like osteoporosis [10-12]. In a collagen fibril, 
adjacent collagen molecules are staggered in their long axis by 67 nm periodicity, generating a 
characteristic pattern of gap zones with 40 nm length and overlap zones with 27 nm length 
within the fibril [13], as illustrated in Figure 2.2. The banding pattern of a collagen fibril was 
confirmed by the transmission electron microscopy (TEM) [14] and neutron scattering [15]. 
While the axial stagger of collagen molecules in the fibrils is well established, their three-
dimensional arrangement is still a matter of contention. There is a predominant liquid-like order 
with some degree of long-range molecular ordering on a quasi-hexagonal lattice in the cross-
section of fibrils [16, 17]. Also, Orgel et al. [18] determined the crystallographic structure of type 
I collagen and found that collagen molecules form a supertwisted right-handed micro-fibril 
which is interlocked with neighboring micro-fibrils. Such interdigitation establishes a quasi-





















Figure 2.2. (a) Arrangement of adjacent collagen molecules in a fibril with 40 nm gap and 27 nm 
overlap [3], and (b) TEM image of an isolated collagen fibril showing the characteristic banding 
pattern of type-I collagen in bone [1]. 
 
2.1.2. Inorganic Phase 









. The HA component of bone is usually described as 
poorly crystalline because of line broadening observed in the X-ray powder diffraction pattern 
and changes in lattice parameters as a result of the substituents in the crystal [14]. Many ion 

















 substituting for 
either phosphate or hydroxyl groups [5]. The mechanism for the formation of HA crystals in 
mineralized bone tissues is attributed to nucleation by non-collagenous proteins of the 
extracellular matrix (ECM). The affinity of these ECM constituents for HA controls the initial 
mineral nucleation and regulates the size, morphology, and orientation of the crystals [19, 20]. 
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Specifically, proteoglycans and glycosaminoglycans play an important role in the regulation of 
mineralization [21]. 
The size and shape of mineral particles in bone were mainly analyzed by TEM [22-24] and 
small angle X-ray scattering (SAXS) [25-27]. Investigators debated the plate-like or needle-like 
geometry of apatite crystals [28]. Robinson proposed that apatite crystals in bone are plate-
shaped [29]. This observation was also confirmed by many researchers [28, 30-35]. Another 
group of researchers suggested that bone crystals are needle-like in shape [27, 36]. Eppell et al. 
[37] summarized developments in this area and using atomic force microscopy (AFM) showed 
that bone mineral crystals have a plate-like shape, similar to the ones shown in Figure 2.3. The 
thickness of the platelets ranges from 2 to 7 nm, the length from 15 to 200 nm, and the width 
from 10 to 80 nm [28]. Robinson [29] reported an average crystal size of 50×25×10 nm
3
 for 
normal human bone. An average of 50×25×3 nm
3
 is accepted by most of researchers [38]. The 
nanometer size and large aspect ratio of mineral crystals are selected for optimum strength and 
maximum flaw tolerance of the mineralized collagen fibril [39]. Also, they play an important 
role in driving the deformation of the organic matrix to dissipate fracture energy while 
maintaining the integrity of the composite structure [40, 41]. Figure 2.4 shows that the longest 
dimension of mineral platelets, c-axis, is oriented along the longitudinal axis of collagen fibrils. 
High resolution AFM images of trabecular bone showed that the mineral platelets in the collagen 
matrix are arranged in a staggered pattern along the axial direction of mineralized collagen fibril 
[42]. In the radial direction of the cross-section; however, the mineral crystals form a circular 
pattern, as proposed by [43, 44]. 
Different experimental techniques such as X-ray diffraction, AFM, SEM, and TEM 
confirmed the existence of the so-called extrafibrillar minerals on the outer surface of fibrils [32, 
45-48]. Extrafibrillar HA crystals are of various shape and size and are randomly dispersed 
outside the fibrils [49], as shown in Figure 2.5. The exact amount of interfibrillar versus 
extrafibrillar minerals is still a matter of contention. Katz and Li [45] and Sasaki and Sudoh [46] 
proposed that in a mature bone between 20 and 30% of the minerals are extrafibrillar, which is in 
agreement with the interfibrillar and extrafibrillar mineral contents proposed, respectively, by 
Jager and Fratzl [50] and Nikolov and Raabe [51]. Also, recently, Alexander et al. [52] 
developed a steric model to estimate the packing density of HA crystals within gap channels of 
collagen fibrils. This steric model together with scanning TEM (STEM) predicted that ≤42% of 
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total HA minerals are distributed within fibrils inside the gaps, while ≤28% of crystals are inside 
intermolecular overlap regions. Therefore, ≥30% of bone minerals should be present outside the 
fibrils forming the extrafibrillar HA crystals. On the other hand, AFM and TEM micrographs of 
turkey leg tendon [32] and SAXS measurements of horse bone [36] indicated that as much as 










Figure 2.4. Aligned arrangement of interfibrillar HA crystals with respect to collagen fibrils 
shown (a) schematically [5], and (b) by TEM imaging [28]. 
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Figure 2.5. TEM image of human trabecular bone showing the random arrangement of 
extrafibrillar minerals around a mineralized collagen fibril [28]. 
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2.1.3. Fluid: Water Containing Ions 
Water is an abundant component of bone, comprising up to 25% of bone volume and 10-







, and others. Water is responsible for nutrient diffusion and contributing to the overall 
toughness of bone material. Yeni et al. [54, 55] found that fracture toughness of bone decreases 
significantly as bone loses its water. Water in bone exists in three different pore sizes: in vascular 
canals of cortical and trabecular bone (with a diameter of ~ 50 μm) [56, 57], in the lacunar-
canalicular porosity (the space within canaliculi, with a diameter 100-500 nm [56, 58], as well as 
the space within lacunae, with a typical diameter of 10-20 μm [56, 58, 59], and exterior to the 
bone cells), and finally in the spaces between collagen molecules and HA crystals (5-10 nm [60, 
61]). The later one is bound water due to its interaction with ionic crystals [8, 62]. A nuclear 
magnetic resonance (NMR) study found that the amount of porosity, and therefore of the water, 
remains remarkably similar among different bone samples in both cortical and trabecular bones 
[63]. This suggests that the amount of water found in healthy bone tissue is fairly uniform, and 
also suggests that critical levels of water may be important for the biomechanical properties of 
the bone tissue. 
 
2.2. Hierarchical Structure of Bone 
Five levels of hierarchical organization are distinguished in bone, which are shown in Figure 
2.6: 
I. Nanoscale, which ranges from few to several hundred nanometers, represents a 
mineralized collagen fibril level. The main constituents of bone, namely collagen, HA 
crystals, water, and NCP, are combined into mineralized collagen fibrils which are the 
primary building blocks of both cortical and trabecular bone types. A typical fibril has a 
cylindrical shape with a diameter of about 100-200 nm [1, 64] and a length of up to 100 
μm [65]. 
II. Sub-microscale, which spans from one to tens of microns, represents a single lamella 
level. A lamella, having a thickness of 3-7 μm [66], is made of preferentially oriented 
mineralized collagen fibrils. The neighboring fibrils are glued to each other by NCPs and 
extrafibrillar HA crystals. At this length scale, the elliptical cavities called lacunae 
(typically 5-10 μm in width and 15-25 μm in length [59, 67]) can be observed. Bone 
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cells, osteocytes, reside in the lacunae. Connecting the lacuna are small channels (~ 100-
500 nm in diameter [58]), called canaliculi. Again, this scale has similar features in 
cortical and trabecular bones. 
III. Microscale, ranging from tens to hundreds of microns, denotes lamellar structures of 
bone. This is the first scale where cortical and trabecular bones start developing different 
microstructures. In cortical bone, the lamellar structures contain a single osteon and an 
interstitial lamella. An osteon is a long narrow cylinder consisting of concentric layers 
(rings) of lamellae, oriented in different directions, surrounding a long hollow vascular 
channel, Haversian canal. Osteons are approximately several millimeters long and 200–
300 μm in diameter and their long axis is aligned along the bone’s long axis. Interstitial 
lamellae, which contain remnants of old osteons, fill spaces between osteons. They have 
a similar layered structure as osteons but with a higher degree of mineralization (DOM). 
The boundary between an osteon and interstitial lamellae is defined by cement lines 
which are responsible for forming new bone. 
In trabecular bone, the microstructural level represents a trabecular bone tissue. It is made 
of trabecular bone packets (consisting of layers of lamellae oriented in different 
directions) and cement lines, which form trabeculae, and an interstitial bone at 
interconnects of trabeculae. A typical trabecular packet, which is formed during bone 
remodeling, has a crescent shape and is about 50 m thick and 1 mm long. Trabeculae 
can be in the form of rods or plates.  
IV. Mesoscale, which spans from several hundred microns to several millimeters or more, 
depending on species, represents the cortical bone or trabecular bone level. Cortical bone 
consists of osteons embedded in interstitial lamellae, with some resorption cavities, all 
surrounded by a circumferential bone, while trabecular bone consists of a porous network 
of trabeculae. The trabecular pores, typically on the order of 1 mm, are filled with bone 
marrow, fat, and bone cells.  
V. Macroscale, spanning from several millimeters to several centimeters or more, depending 




Figure 2.6. Hierarchical structure of bone. 
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2.3. Modeling the Elastic Properties of Bone  
Various analytical and computational techniques were used to study the elastic behavior of 
bone as a composite material with hierarchical structure. One could classify them into the 
following four different categories of models available in the literature: 
 Models based on strength of materials; 
 Models based on micromechanics theories; 
 Computational models mostly using finite element method (FEM); 
 Atomistic simulations using molecular dynamics (MD). 
Each of the above-mentioned models has some advantages and disadvantages. Strength of 
materials models are approximate but simpler in formulation, and have been used to account 
only for two main constituents of bone, namely collagen and HA. Micromechanical models 
usually involve more rigorous elastic solutions and have been used to capture the effect of all 
bone’s constituents through a step-by-step homogenization scheme. However, they still include 
simplifying geometry and assumptions. For example, the effect of collagen cross-links, collagen-
HA interphase, and geometrical arrangement of collagen and HA with respect to each other are 
difficult to be addressed in micromechanics-based models. These shortcomings, however, can be 
addressed by using FEM models. MD simulations can shed light on behavior of bone at 
nanoscale and provide the required inputs for FEM such as properties of collagen cross-links and 
collagen-HA interphase. In this section, the assumptions, limitations, and drawbacks of all these 
approaches will be discussed. Such discussion may help to identify the challenges and open 
issues in theoretical and experimental characterization of bone and to develop the new required 
techniques. Throughout this discussion, Φ, E, G, υ, and C denote, respectively, the volume 
fraction, Young’s modulus, shear modulus, Poisson’s ratio, and elastic stiffness tensor of the 
pertinent phase. Note that many of the simpler models available in the literature assumed 
isotropy for the elastic properties of bone. However, more sophisticated models accounted for 
the transversely isotropic or more generally anisotropic properties of bone. In the following 
sections, El represents the effective longitudinal elastic modulus of bone, while Et is its effective 
transverse elastic modulus. Subscripts ‘‘m’’, ‘‘f’’, ‘‘col’’, and ‘‘HA’’ refer to the matrix, fiber, 
collagen, and HA crystals, respectively. 
 
Equation Section (Next)  
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 2.3.1. Modeling of Bone as a Two-Phase Composite 
Models based on strength of materials are mainly variants of Voigt [68] and Reuss [69] 
bounds. Most of such methods were originally proposed for modeling of fiber-reinforced 
composite materials, rather than specifically bone. However, they are also applicable to model a 
mineralized collagen fibril as a collagen-HA composite. Note that originally such models were 
mostly used to model bone’s overall properties and not the properties at a specific hierarchical 
level. 
Voigt assumed the material to be composed of alternating layers of matrix and fiber under 
uniform strain. Using this model, the longitudinal elastic modulus of bone is predicted as  
.l col col HA HAE E E    (2.1) 
On the other hand, Reuss assumed the condition of parallel layers under uniform stress, and 
evaluated the effective transverse elastic modulus of composite (bone, in this case) as  
1
.col HA
t col HAE E E
 
   (2.2) 
Voigt and Reuss models provide the upper and lower bounds for the elastic modulus of a 
composite material simply based on the relative volume fractions of the constituents. However, 
more refined bounds of the elastic properties of a composite can be found using a model 
proposed by Hashin and Shtrikman [70]. This model is based on a variational principle originally 
formulated for the elastic properties of a 3D isotropic composite with arbitrary phase geometry. 
Using this model, the lower and upper bounds on bone bulk modulus, lower
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upper
H SK  , and 
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Walpole [71, 72] derived bounds on the elastic moduli of a transversely isotropic composite 
reinforced with  aligned ellipsoidal inclusions with finite length. Such geometry resembles bone 
more closely compared to Voigt, Reuss, and Hashin-Shtrikman bounds. 
Hirsch [73] proposed a model which combines Voigt and Reuss models linearly. While the 
Voigt and Reuss upper and lower bounds provide, respectively, the longitudinal and transverse 
elastic moduli of the composite, the Hirsch model gives the intermediate properties and, 
therefore, is more suitable for capturing the elastic behavior of bone. Piekarski [74] represented 
bone as a collagen-HA composite, and specialized the Hirsch model to predict the longitudinal 
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where x and 1-x are the relative proportion of material conforming with the upper and lower 
bounds. Piekarski estimated x to be 0.925 in bone [74].  This high value of x indicates that bone 
deformation in the stiffer (longitudinal) direction occurs mainly under uniform strain conditions. 
This implies that crystals may be preferentially oriented in that direction, which was also 
experimentally confirmed by [75]. 
Cox [76] proposed a variant of Voigt model including a reinforcement parameter which 
accounts for the geometry of fibers as well as the elastic properties of both matrix and fibers. 
Later, Currey [77] applied this model to bone to find its longitudinal Young’s modulus as 
2 2
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where L, AHA, and aHA are the length, cross-sectional area, and the radius of HA crystals, 
respectively, and a is the mean separation distance between neighboring crystals. 
Padawer and Beecher [78] introduced a model for planar reinforced plastic resins, which is 
again an extension of Voigt model by introducing a reinforcement parameter, η. Wagner and 
Weiner [79], later, applied this model to bone and predicted the effective longitudinal Young’s 
modulus of a mineralized collagen fibril as 
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α1 is the width to thickness ratio of mineral crystals. Similarly, bone’s transverse Young’s 
modulus is given by 
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α2 is the length to thickness ratio of mineral platelets.  
The Padawer-Beecher model [78] is based on a single reinforcing fiber (or dilute composite) 
assumption, which means that the stress field around a fiber is not influenced by any of the 
surrounding fibers. Thus, this formulation holds for small volume fractions of platelets (less than 
10%), which is not the case in bone. In order to account for the effect of other fibers in the model 
of Padawer and Beecher, Lusis et al. [80] extended that theory for fiber-fiber interactions and 
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with 1u  and 2u  as given in Equations (2.10) and (2.13), respectively. Wagner and Weiner [79] 
used this model to predict the elastic properties of mineralized collagen fibrils in bone. 
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2.3.2. Modeling of Bone at Nanoscale 
2.3.2.1 Models Based on Strength of Materials 
Jaeger and Fratzl [50] proposed a model of mineralized fibrils with a staggered arrangement 
of mineral particles distributed unequally in the gap and overlap zones of collagen fibrils, as 
shown in Figure 2.7. This structure was motivated by the Hodge-Petruska [81] scheme of un-
mineralized collagen fibrils in which the collagen molecules have a staggered arrangement in the 
longitudinal direction. In this model, the mineral platelets are assumed to carry most of the axial 
stresses, while the collagen matrix transfers stresses between the adjacent platelets via shear 
stresses. This shear lag model was the basis for almost all the FEM models proposed later for 
modeling of bone at nanoscale. Gao et al. [39] used this model to predict bone longitudinal 








                 (2.16) 
where ρ is the aspect ratio of mineral platelets defined by the ratio of platelet length to thickness. 
 
 
Figure 2.7. A schematic [39] of the shear lag model proposed by Jager and Fratzl [50]. The 
model represents (a) a diagram of staggered HA crystals embedded in a protein matrix, and (b) 
the load-carrying structure of the collagen-HA composite.  
 
Kotha and Guzelsu [82] extended the shear lag model to investigate the effect of collagen-
HA interphase/bonding on mechanical properties of a mineralized fibril. They added a fictitious 
platelet, with the mechanical properties of an interphase, to the ends of the HA platelets and 
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evaluated the longitudinal elastic modulus of the mineral-organic composite for different values 
of interfacial modulus. 
 
2.3.2.2. Models Based on Micromechanics 
Mori and Tanaka [83] proposed a theory for modeling of a material with non-dilute 
homogeneous inclusions which was generalized to matrix-inclusion composite materials by 
Benveniste [84]. In the Mori-Tanaka (MT) method, the inclusion-inclusion interaction is 
accounted for by introducing an average strain in the matrix due to the presence of inclusions. 
The formulation employs Eshelby’s solutions [85] for a single ellipsoidal inclusion in an infinite 
matrix. Inclusions may have different aspect ratios and different orientations (be aligned or 
randomly oriented) which leads to materials with effectively isotropic or anisotropic elastic 
properties. Given the stiffness tensors of the matrix, Cm, and the uni-directionally aligned fibers, 
Cf, the effective stiffness tensor of the composite, C, can be computed by using MT scheme as 
1 1 1 1 1( )[ ( )] [(1 ) [ ( )] ] ,m f f m m f m f f m f m
            C C C C I SC C C I I SC C C     (2.17)   
where I is the identity tensor and S is the Eshelby tensor which depends on matrix elastic 
constants and inclusion aspect ratio [85].  
Another well-known micromechanical model is the self-consistent (SC) scheme which was 
originally proposed by Hershey [86] and Kroner [87] for polycrystalline aggregates but, later, 
developed for composite materials by Hill [88] and Budiansky [89]. The underlying assumption 
of the SC method is that a typical basic element of a heterogeneous medium, such as a single 
crystal in a polycrystal or an inclusion in a particulate composite, can be regarded as being 
embedded in an equivalent homogeneous medium whose properties are the unknowns to be 
determined. Using this approach, the effective elastic constants of the composite are  
1 1 1 1 1( )[ ( )] [(1 ) [ ( )] ] .m f f m f f f f
            C C C C I SC C C I I SC C C         (2.18) 
The properties of the embedding matrix, C, are initially unknown. The solution of this problem 
involves starting with an initial guess for the composite properties, evaluating S , and 
substituting the result into Equation (2.18) to get an improved value for the composite stiffness. 
The procedure is repeated using the new value of C, and the iterations continue until 
convergence is reached. In case the reinforcing particle is a sphere or an infinite cylinder, the 
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equations can be manipulated algebraically to find explicit expressions for the overall properties 
of composite [88, 89].  
MT and SC methods were not originally proposed for modeling of bone. However, later, 
many researchers used these micromechanics-based methods to model a mineralized collagen 
fibril as a collagen-HA composite. Note that one could also use the version of the self-consistent 
formulation, originally proposed for polycrystalline media, where there is no distinct matrix and 
both phases are represented as inclusions. In this case, collagen and HA crystals can be treated as 
two interpenetrating phases instead of matrix-inclusion phases. The first geometry, namely 
intertwining collagen and HA phases, is in more agreement with the recent experimental 
observations of Chen et al. [90] which showed that HA crystals form a continuum phase in bone. 
Using the concepts of Mori-Tanaka method, Akkus [91] suggested an inclusion-based 
micromechanics model to study the effect of mineral volume fraction and mineral aspect ratio on 
elastic stiffness tensor of a mineralized collagen fibril. HA crystals were assumed to be in the 
shape of prolate spheroids whose long axis is aligned along the length of collagen fibrils. 
Besides, they are randomly distributed in the transverse plane, which is perpendicular to 
longitudinal axis of collagen fibrils. This model predicted the effective stiffness of collagen-HA 
composite, C, as  
1 1 1 1[ {( )[ ( )] } ( ) ] .col HA HA col HA col HA col col
         C C C C S S I C C C C                        (2.19) 
Most of the models proposed for modeling of bone at nanoscale only accounted for collagen 
and HA. However, recently some researchers proposed micromechanical models accounting for 
all the components existing in bone and considering the hierarchical structure of bone at nano 
and higher scales [51, 60, 92, 93]. Almost all the micromechanics-based models of bone 
considered collagen as a matrix and HA crystals as reinforcing inclusions. However, Hellmich et 
al. [94] considered three different representations for the collagen-mineral interaction in bone, 
which are shown in Figure 2.8, and used different micromechanical methods to obtain the 
effective elastic properties of bone at nanoscale. Also, Fritsch and Hellmich [92] proposed a 
model for hierarchical organization of bone material in the framework of a multi-step 
homogenization scheme. They modeled bone at nanoscale and sub-microscale by using five 
successive steps. Nikolov and Raabe [51] estimated the elastic properties of bone at nanoscale 
via a step-by-step homogenization from the staggered arrangement of collagen molecules up to 
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an array of parallel mineralized fibrils. They proposed a model for extrafibrillar mineralization, 
assuming that the extrafibrillar minerals are equivalent to reinforcing rings coating each fibril. 
Also, Yoon and Cowin [60] predicted the elastic constants of bone at three different hierarchical 
















Figure 2.8. Different representations for collagen-mineral interaction in bone [94]: (a) collagen 
molecules embedded in a hydroxyapatite (HA) foam matrix, (b) interpenetrating network of 
collagen molecules, HA crystals, and water with non-collagenous proteins (NCP), and (c) 
mineralized collagen fibrils embedded in a HA foam. 
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2.3.2.3. Computational Models Using Finite Element Method (FEM) 
Ji and Gao [40] used the shear lag geometry [50] together with an FEM analysis to obtain 
the transversely isotropic elastic constants of a mineralized collagen fibril as a function of 
mineral aspect ratio. They found that, due to the large aspect ratio and parallel alignment of 
mineral crystals, the elastic properties of bone are highly anisotropic at nanoscale; the 
longitudinal Young’s modulus alone can approach the Voigt upper bound, while the transverse 
modulus may remain close to the Reuss lower bound. 
Siegmund et al. [95] considered the effect of collagen cross-linking on the mechanical 
behavior of a mineralized collagen fibril. They used the shear lag geometry together with the 
finite element method to obtain the stress-strain curves of a mineralized collagen fibril without 
any collagen cross-links, with only enzymatic cross-links, and with only non-enzymatic cross-
links. All the cross-links were modeled by using cohesive elements with appropriate traction-
separation laws. 
Ghanbari and Naghdabadi [96] used a multiscale model to analyze cortical bone at two 
different hierarchy levels: nanoscale and macroscale. At nanoscale they considered bone as a 
nano-composite consisting of collagen, mineral, and an interphase layer in between them and 
used a nonlinear finite element method to capture the transversely isotropic behavior of such a 
structure for different values of mineral volume fraction.  
It is worth mentioning that both the models proposed by Kotha and Guzelsu [82] and 
Ghanbari and Naghdabadi [96] assessed the effect of collagen-HA interphase on the elastic 
constants of bone at nanoscale. The thickness and the mechanical properties of the collagen-HA 
interphase in bone are not known; thus, the selection of those parameters in modeling is a 
challenging issue. In their work, Kotha and Guzelsu selected the Young’s modulus of collagen to 
be 2.7 GPa and used different values of 0.135, 0.675, and 2.7 GPa for interfacial Young’s 
modulus [82]. On the other hand, Ghanbari and Naghdabadi chose the Young’s modulus of 
collagen and interphase to be, respectively, 0.2 GPa and 7 GPa [96]. These two very different 
selections of mechanical properties for the interphase show the necessity of experimental work to 
characterize the geometry and properties of collagen-mineral interphase in bone.  
Yuan et al. [97] used FEM analysis to predict the elastic properties of a mineralized collagen 
fibril both in two-dimensions (2D) and three-dimensions (3D) and verified their computational 
results with experimental data obtained by synchrotron X-ray diffraction. To our knowledge, this 
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was the first 3D mechanics model of a mineralized collagen fibril in which the staggered 
arrangement of HA crystal within the collagen phase is considered. The 3D geometry used in this 
model is illustrated in Figure 2.9. 
 
Figure 2.9. A 3D FEM model of a mineralized collagen fibril, proposed by Yuan et al. [97],  
representing its (a) half-cut view, (b) top section, (c) bottom section, and (d) middle section.  
 
Finally, Barkaoui et al. [98] developed a 3D model of a mineralized collagen micro-fibril 
and investigated its fracture behavior using finite element method. Each collagen micro-fibril is 
composed of a helical arrangement of five tropocollagen molecules. A set of micro-fibrils, then, 
forms a fibril. The presence of twisted microfibrillar structures in collagen fibrils was first shown 
by Orgel et al. [99]. The FEM model of Barkaoui et al. included an array of five collagen 
molecules, cross-linked together by spring elements, which were embedded into a mineral 
matrix, as illustrated in Figure 2.10. This model was used, together with a quasi-brittle damage 




Figure 2.10. A 3D FEM model of a mineralized collagen micro-fibril proposed by Barkaoui et al. 
[98]. The collagen molecules are cross-linked together through spring elements and the whole 
collagen micro-fibril is embedded in a mineral matrix. 
 
2.3.2.4. Atomistic Simulations Using Molecular Dynamics (MD) 
Collagen is the main structural protein of bone. That is the reason why several atomistic 
simulations were done on a tropocollagen. Lorenzo and Caffarena [100] performed steered 
molecular dynamics (SMD) simulations to obtain the mechanical properties of collagen. To this 
end, a collagen-like peptide was solvated in water and equilibrated under the temperature T = 
300 K and pressure p = 1 atm. After equilibrium, a fictitious spring was attached to the center of 
mass of N-terminal atoms and was pulled at a constant velocity along the longitudinal molecular 
axis. The collagen modulus was found to be 4.8 ± 1.0 GPa. 
Similarly, Veld and Stevens [101] did MD simulations on a synthetic peptide representing 
collagen. The protein was solvated in an aqueous saline solution and was pulled along its 
molecular axis by moving the terminal residues at constant velocity. The predicted elastic 
modulus of collagen molecule was 6.1 GPa.  
Using molecular dynamics, Buehler [102] studied the mechanical properties of triple-helical 
collagen-like molecules under different types of loading, including tension, compression, shear, 
and bending. Elastic modulus of the collagen molecule was found to be 6.99GPa, 8.71GPa, and 
18.82GPa for the loading rates 0.0001 Aº/step, 0.0002 Aº/step, and .001 Aº/step, respectively. 
These results indicate that collagen has a rate-dependent elastic response. Buehler [2] also used 
atomistic simulations to assess the effect of cross-linking on the behavior of fibrillar collagen.  
As an extension to modeling of pure collagen, Buehler [103] also modeled a 2D system of a 
collagen fibril whose gap zones were filled with nano-sized HA crystals, as illustrated 
schematically in Figure 2.11. The analysis of such a collagen-HA composite revealed that the 
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elastic modulus, yield strength, and fracture strength of mineralized collagen fibril is higher 
compared to those of pure collagen fibril. 
Bhowmik et al. [104] studied the load carrying behavior of collagen in the proximity of HA 
by pulling a triple-helical collagen molecule, with non-helical ends, both in close proximity and 
absence of HA crystals. It was observed that the load-deformation response of solvated collagen 
in close proximity of HA has features which result from breaking of hydrogen bonds between 
collagen and water, where water is interacting significantly with HA. 
Similarly, Dubey and Tomar [105] studied the collagen-HA interface by placing 
tropocollagen molecules and HA crystals geometrically next to each other and conducting SMD 
simulations. Comparison between the stress-strain curves of collagen-HA system and pure HA 
crystals, Figure 2.12, showed that the presence of collagen increases the toughness of HA, while 
the presence of HA increases the strength of collagen.  
 
 
Figure 2.11. The schematic illustration of (a) pure collagen fibril, and (b) mineralized collagen 
fibril with the hydroxyapatite platelets deposited in the gaps [103]. 
 
 
Figure 2.12. Stress-strain curves for a single hydroxyapatite (HA) cell, and a cell corresponding 
to the collagen-HA composite obtained by MD simulations [105]. 
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2.3.3. Modeling of Bone at Sub-Microscale 
Single lamella consists of preferentially oriented mineralized collagen fibrils containing 
osteocyte-filled lacunae. As mentioned earlier, some researchers extended their models of bone 
at nanoscale to sub-microscale and also higher scales. For example, Fritsch and Hellmich [92] 
and  Yoon and Cowin [60] modeled a single lamella analytically by using micromechanics 
matrix-inclusion theories. 
Akiva et al. [106] assumed a single lamella to be composed of an array of mineralized 
collagen fibrils, aligned not only along their fibril axes, but also in terms of their crystal layers as 
illustrated in Figure 2.13. They modeled a single lamella as a platelet-reinforced composite and 
evaluated its orthotropic elastic constants. 
Jasiuk and Ostoja-Starzewski [107] modeled a single lamella as a spatially random network 
of mineralized collagen fibrils and computed its effective anisotropic stiffness tensor by using 
FEM analysis. This model did not account for a background material to connect the fibrils to 




Figure 2.13. Schematic illustration of the arrangements of highly ordered platelet-shaped crystals 
in a single lamella modeled by Akiva et al. [106]. 
 
2.3.4. Modeling of Bone at Microscale 
Single lamellae are oriented in different orientations to build the lamellar structures of bone 
at microscale: osteonal and interstitial lamellae in cortical bone as well as single trabecula and 
interstitial lamella in trabecular bone. Several types of fibril orientations were reported in 
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literature including orthogonal and twisted plywood patterns [108]. In the twisted plywood motif 
there is a fixed angle of orientation between neighboring lamellae and there is also a rotation 
along the longitudinal axis, as shown in Figure 2.14, while in the orthogonal pattern the angle 
between the adjacent layers differ by 90 degrees. Next, the models available in literature for 





Figure 2.14. Twisted plywood pattern of fibrils in lamellar structures of bone [109]. 
 
2.3.4.1. Modeling of Cortical Bone at Microscale 
Aoubiza et al. [110] modeled an osteon as a set of concentric lamellae. To this end, they 
divided the osteonal lamellae and osteon into cylindrical sectors, each sector being approximated 
as a parallelepiped having a periodic structure. The osteonal lamella was modeled by a 
superimposition of plates with a periodic structure. Also, the interstitial bone was represented as 
a set of homogeneous blocks, each block being a fragment of an old osteon. The properties of an 
interstitial lamella were then determined by stacking all the blocks together using the data of 
volume fraction, angle, and mineral content of each block as well as the orientation of collagen 
fibrils in a lamella of the block. 
Akiva et al. [106] modeled the lamellar structure of bone by assuming that the lamellar unit 
is composed of stacked sets of ordered lamellae comprising a thin lamella, a transition zone, a 
thick lamella, and a fourth 120º back-flip lamella. Each of these lamellar parts was assumed to 
have orthotropic symmetry. After calculating their Young’s moduli, the lamellae were rotated in 
space in accordance with the rotated plywood model, and, then, the segments were stacked 
together to present the overall elastic behavior of lamellar bone in three-dimensions. 
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Dong and Guo [111] represented an osteon as a two-phase composite material with the 
Haversian canals as inclusions and the surrounding osteonal lamellae as matrix, Figure 2.15 
(level 1). They used generalized self-consistent method to evaluate the effective elastic 
properties of an osteon. Both Haversian canals and osteonal lamellae were assumed to be 
transversely isotropic with their elastic properties taken from data available in literature.  
 
 
Figure 2.15. A two-level micromechanical model of cortical bone [111]: (level 1): an osteon, and 
(level 2) a cortical bone consisting of osteons and resorption cavities embedded in the interstitial 
lamellae.  
 
2.3.4.2. Modeling of Trabecular Bone at Microscale 
The properties of trabecular bone tissue were mainly studied experimentally using tensile 
test [112, 113], bending test [114, 115], ultrasound [116-118], and nanoindentation [119-121] 
and not many models of trabecular bone tissue are available in literature. Rice et al. [122] 
obtained experimentally Young’s modulus of trabecular bone and used that data together with 
Christensen’s model for low density materials [123] to back-calculate bone’s tissue properties. 
Similarly, van Rietbergen et al. [124] used a 3D FEM model along with experimental data for 
apparent modulus to back-calculate lower and upper bounds for trabecular bone tissue modulus. 
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Note that al the models use the simplifying assumptions of isotropy and homogeneity for a single 
trabecula which are not the case in reality. 
 
2.3.5. Modeling of Bone at Mesoscale 
2.3.5.1. Modeling of Cortical Bone at Mesoscale 
Cortical bone is a collection of osteons, resorption sites, and interstitial lamellae all 
surrounded by circumferential lamellae. Aoubiza et al. [110] modeled cortical bone as a 
composite medium made of  hollow fibrous osteons embedded in the interstitial system and used 
a homogenization theory to obtain its elastic properties. The osteons were assumed to be 
periodically distributed in the matrix and the cement line was assumed to be a rigid interface.  
Similarly, Dong and Guo [111] used the generalized self-consistent method to model a 
cortical bone with the interstitial lamella being a matrix and osteons together with resorption 
sites being two types of inclusions, Figure 2.15 (level 2).  
Parnell and Grimal [125] proposed a model of cortical bone to assess the effect of mesoscale 
porosity (including Haversian canals and resorption cavities) on the anisotropy of bone material. 
The mesoscale pores were surrounded by an isotropic bony matrix tissue. The input parameters 
of the model were derived from mesoscale experimental data, such as scanning acoustic 
microscopy (SAM). The method of asymptotic homogenization was used to determine the local 
effective elastic properties of cortical bone.  
 
2.3.5.2. Modeling of Trabecular Bone at Mesoscale 
Trabecular bone is a foam-like structure consisting of a porous network of trabeculae. 
Different analytical and computational techniques were used to study the elastic behavior of 
trabecular bone. Gibson and Ashby [126] and Gibson et al. [127] developed a theory to predict 
the Young’s modulus of a cellular solid by power law relations in terms of its density. Gibson 
[128] and other researchers [122, 129-132] used such relations to obtain the elastic modulus of 
trabecular bone as 







                                                                                                        (2.20) 
where boneE  and tissueE  are the elastic moduli of trabecular bone and trabecular bone tissue, 
respectively, while bone  and tissue  denote the density of corresponding tissues. B and n are 
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constants which should be determined experimentally by curve fitting of Equation (2.20) to 
results of mechanical testing of bone samples.  
Although density is a key parameter in determining the properties of trabecular bone, it 
alone cannot fully capture bone’s mechanical behavior. Other researchers defined a fabric tensor, 
which characterizes the textural or structural anisotropy of trabecular bone, and found the 
relationships between the elastic constants of bone and its fabric tensor and density [133-135]. 
Trabecular bone architecture, characterized by thickness, number and separation distance of 
individual trabecula and their 3D connectivity, plays an important role in its mechanical 
response. Therefore, high-resolution images, such as micro-computed tomography (CT) 
images, of actual trabecular bone samples were used as inputs for FEM analysis to predict elastic 
moduli of bone [124, 136-145]. 
Alternatively, some analyses used idealized periodic geometry of trabecular bone rather than 
its actual geometry [146-148]. These models used networks of beams and plates representing the 
trabecular struts. Voronoi techniques were also employed to generate a non-periodic mesh 
representing the trabecular bone [149, 150]. Figure 2.16 shows examples of different types of 
geometry used in modeling of trabecular bone. 
 
 
          
                        
                      (a)                                                             (b)                                             (c) 
  
Figure 2.16. Examples of different geometries used in the modeling of trabecular bone: (a) actual 
3D geometry obtained by µCT [145], (b) a 3D unit cell of an idealized periodic geometry [148], 
and (c) a 2D idealized microstructure constructed by Voronoi algorithms [149]. 
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2.4. Modeling the Strength of Bone  
Understanding the failure and fracture behavior of bone has significant clinical importance. 
Osteoporosis and its following fragile fractures are the main causes of disability and morbidity in 
old people. By finding the main determinants of bone strength and establishing a model that is 
capable of capturing those factors, one can develop better methods to image, detect, and treat 
unhealthy bone. 
Compared to the large number of models available in literature for prediction of bone 
elasticity, there are a few models to predict bone strength. At nanoscale, Mammone and Hudson 
[151] obtained tensile strength of bone as a polymeric composite containing a collagenous matrix 
and a HA filler. Jager and Fratzl [50] proposed a model of collagen fibrils with staggered 
arrangement of HA platelets and explored effective elastic modulus and strength of that system. 
Wang and Qian [9] proposed a 2D shear lag model to predict stress concentration fields around a 
crack in a mineral-collagen composite. Siegmund et al. [95] used cohesive FEM analysis to 
assess the effect of collagen cross-link on the elasticity and strength of a mineralized collagen 
fibril, while Luo et al. [152] employed cohesive FEM modeling to study the effect of mineral–
collagen interfacial behavior on the microdamage progression in bone. Fritsch et al. [153] used a 
multiscale micromechanics model to obtain the strength of bone at nano and sub-microscales.  
At sub-microscale and microscale, there are no models available in literature for predicting 
the strength of bone. However, the rich literature on modeling the failure and fracture 
mechanisms of composite materials, especially the laminated composites which behave similarly 
to the lamellar structures of bone, could be generalized and applied to bone at these scales. 
At mesoscale, the nucleation and propagation of microcracks and cracks in bone were 
studied using different analytical and computational methods, such as linear elastic fracture 
mechanics [154], classical FEM analysis [155, 156], cohesive zone FEM method [157-160], and 
extended FEM (X-FEM) modeling [161-163]. However, most of such models focused mainly on 
obtaining the fracture toughness of bone rather than its strength. 
 
2.5. Input Parameters Needed for Modeling  
Like any other composite material, the mechanical properties and volume fractions of bone 
constituents play an important role in its overall behavior. Therefore, in order to develop a 
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reliable model of bone, not only it is important to choose appropriate modeling approaches but 
also to choose reasonable input parameters for the model.  
A wide range of values for the mechanical properties of bone constituents, especially 
collagen, has been reported in the literature. Table 2.1 lists some of the measured values for the 
Young’s modulus of collagen. Most of the existing studies used a value of ~ 1-2 GPa for 
Young’s modulus of collagen and 110-120 GPa for that of hydroxyapatite. While talking about 
elastic modulus of collagen, one should consider few important issues and challenges. The first 
one is the effect of scale on the mechanical properties of collagen; the properties of a single 
tropocollagen molecule at sub nanoscale are different from those of a collagen fibril at 
nanoscale. Molecular dynamics simulations could measure both the elastic moduli of 
tropocollagen molecules and collagen fibrils, while the experimental tests mainly focus on 
collagen fibrils. This is due to an extremely small size of collagen molecules which makes it very 
difficult to measure their mechanical properties experimentally. Therefore, experimental 
measurements listed in Table 2.1 pertain to a collagen fibril and not a tropocollagen molecule. 
Secondly, different experimental techniques may obtain measurements at different structural 
scales. This could be a reason why there are such high discrepancies in experimental 
measurements of elastic modulus of collagen fibrils. Thirdly, experimental measurements or 
molecular dynamics simulations typically obtain the force-displacement data for the collagen, 
which is then used to extract the stress-strain behavior based on the initial length and cross-
sectional area of the collagen molecule/fiber tested. This is done using continuum mechanics 
concepts by drawing analogies between the molecular level and continuum mechanics theories. 
However, there exists an ambiguity in defining an area for a collagen molecule/fibril. Moreover, 
collagen molecule has a nonlinear stress-strain behavior. A typical stress-strain curve contains 
three regions. The first region pertains to the elastic behavior of the three strands of collagen 
molecule combined together. As the load increases, the hydrogen bonds between the strands start 
to break leading to uncoiling of the molecule. This gives rise to a plateau region (second region) 
in the stress-strain curve. After the strands get separated, each of them could carry the load 
separately on its own. This forms a third region in the stress-strain curve in which strain 
increases with stress until failure. Elastic modulus of collagen molecule reported in literature is 
usually defined as the slope of the initial linear part of the first region. Furthermore, the 
mechanical properties of collagen molecules/fibrils depend on orientation with the properties in 
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the longitudinal direction (along the molecule/fibril axis) being larger than the properties in the 
transverse direction. Most of the experimental and theoretical techniques only measure the 
longitudinal elastic modulus of collagen, like the ones reported in Table 2.1. However, one 
should keep in mind that collagen has anisotropic elastic properties. Finally, the measured 
properties of collagen depend significantly on the hydration state; dry collagen is stiffer 
compared to wet collagen. To our knowledge, not much is known about the mechanical 
properties of non-collagenous proteins. 
 
Table 2.1. Different values for the Young’s modulus of collagen reported in the literature. 
Collagen fibril (Ref.) Technique State of collagen 
Elastic modulus     
      (GPa) 
Rat tail tendon [164] 
 
 Brillouin light   
 scattering 
In 0.15M NaCl solution 





Rat tail tendon [165] 
 
 Brillouin light  
 scattering 
In 0.15M NaCl solution 
At 50% relative humidity 
5.1 
11.9 
Dermosparactic calf skin [166]  Persistence length Dried 3 
Bovine Achilles tendon [167]  X ray diffraction In 0.15M NaCl solution 2.9±0.1 
Bovine Achilles tendon [168]  Spectroscopy 
Dried 
In phosphate-buffered saline 
5.0±2.0 
0.25-0.45 
Sea cucumber [169] 
 MEMS tensile    
 stretching 
In water 
0.4-0.5 (strains < 0.3) 
12 (strains > 0.3) 
Sea cucumber [170]  Indentation < 45% relative humidity 1-2 
Rat tail tendon [171]  Indentation Different dehydration states 3.75-11.5 
Bovine Achilles tendon [172]  Indentation Dried 
5.4±1.2 (single fibril) 
14.7±2.7 (cross-linked 
fibrils) 
Bovine Achilles tendon [173]  Bending  
Dried 
In phosphate-buffered saline 
1-3.9 
0.07-0.17 




150 μl of the buffer solution 
1.9±0.5 
0.0012±0.0001 
Bovine Achilles tendon [175]  Indentation Dried 
2.2 (overlap region) 
1.2 (gap region) 
Sea cucumber dermis [176]  MEMS device Surrounded by bulk water 0.470±0.410 
Single collagen molecule [100]  MD simulation Solvated in water box 4.8±1.0 
Single collagen molecule [177]  MD simulation No water box 2.4 
Single collagen molecule [102]  MD simulation Solvated in water box ~ 7 
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Different researchers used different values of volume fraction for the mineral crystals 
varying from 32 to 52 vol % [51]. Some available values of mineral volume fraction in literature 
are listed in Table 2.2. It should be noted that only few of the existing models differentiate 
between the interfibrillar and extrafibrillar HA crystals. Mineral volume fraction varies with age: 
it increases rapidly during the initial stage of growth and continues to increase at a much slower 
rate during the maturity [178]. Moreover, bone mineral volume fraction changes due to some 
bone diseases like osteoporosis. That is the reason why bone mineral density (BMD) is used as a 
gold standard in clinical practice to evaluate bone quality and fracture risk. In conclusion, 
mineral volume fraction is a key parameter in modeling of bone which accounts for some 
physiological phenomena, for example the differences between the young and old bone as well 
as the healthy and diseased bone. 
 
Table 2.2. Different values for the mineral volume fraction reported in the literature. 
References Mineral volume fraction (%) 
Currey (1969) [77] 50 
Lees (1987) [179] 45 
Sasaki et. al (1991) [180] 50 
Wagner and Weiner (1992) [79] 35 
Jager and Fratzl (2000) [50]   
43 
 (upper possible limit: 56) 
Kotha and Guzelso (2000) [82] 50 
Ji and Gao (2006) [181] 45 
Nikolov and Raabe (2008) [51] 
52 
(interfibrillar HA: > 70 
extrafibrillar HA: < 30) 
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CHAPTER 3: MULTISCALE MODELING OF ELASTIC PROPERTIES OF 
CORTICAL BONE 
Equation Section (Next) 
3.1. Introduction  
Cortical bone is a dense tissue forming the cortex or the outer shell of most bones. It has a 
porosity of 5-30% [182] and comprises about 80% of the weight of an adult human skeleton. 
Cortical bone contributes more significantly to bone’s overall stiffness and strength compared to 
its toughness. This tissue has a hierarchical structure ranging from a mineralized collagen fibril 
level to bone level, as shown in Figure 3.1 and described in details in Section 2.2. 
 
 
Figure 3.1. Hierarchical structure of cortical bone. 
 
Various analytical and computational models have been proposed to predict mechanical 
properties of cortical bone at different structural scales. At the nanostructural level, bone was 
predominantly considered as a composite material composed of collagen matrix and reinforcing 
HA inclusions [77, 183] and was modeled by using micromechanics matrix-inclusion theories 
[73, 184, 185]. Few models represented bone’s nanostructure in a reverse way, as a material 
composed of HA matrix and collagen inclusions. More recent studies also accounted for the 
effect of water and NCPs [51, 60, 92]. Computational models, involving a finite element 
approach, were also used to investigate collagen-mineral interactions [82, 95, 97, 181]. At the 
sub-microstructural level, Jasiuk and Ostoja-Starzewski [107] modeled a single lamella as a 
spatially random network of mineralized collagen fibrils and computed its effective anisotropic 
stiffness tensor as a function of fibril volume fraction. Fritsch and Hellmich [92] and Yoon and 
Cowin [60] used micromechanics methods to obtain the effective elastic properties of a single 
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lamella. At the microstructural level, Dong and Guo [111] modeled a single osteon as a two-
phase composite with osteonal lamellae being a matrix and Haversian canals being inclusions in 
the form of elongated pores. They also extended their micromechanical model to assess the 
elastic properties of cortical bone by modeling the interstitial lamellae as a matrix and osteons 
and resorption cavities as inclusions [111]. More detailed literature review on modeling of 
cortical bone is given in Section 2.3.  
In the present chapter, a multiscale modeling approach at four different structural scales, 
from the nanostructural level up to the mesostructural level, is proposed to predict the effective 
elastic moduli of mature cortical bone. The obtained theoretical results are validated by 
experimental data available in literature. 
 
3.2. Multiscale Modeling of Elastic Properties of Cortical Bone 
In this section, a hierarchical modeling approach is introduced which consists of successive 
homogenization steps. The effective elastic stiffness of bone at each of the hierarchy levels, 
shown in Figure 3.1, are determined, with the results from a lower level serving as the inputs for 
a higher level. Different continuum micromechanics and composite materials methods are 
employed at each scale to account for the microstructure of bone at that scale. Figure 3.2 
summarizes all the modeling steps and shows how they are linked together at different scales. 
 
3.2.1. Nanoscale 
At the nanostructural level, tropocollagen molecules are arranged in a staggered fashion and 
are attached to each other at their ends by enzymatic crosslinks [186, 187], while non-enzymatic 
crosslinks connect their sides. The gaps between the collagen molecules are initially filled with 
water. During the mineralization process, mineral crystals are nucleated in the gap zones 
replacing the water [5]. They grow further into the overlap zones and spread through the collagen 
molecules to form a mineralized collagen fibril. The above-mentioned physiological process is 
represented by using two homogenization steps in the modeling of bone at nanoscale: 1) 
combining collagen together with water and NCPs, and 2) combining the wet collagen mixture 
from step 1 with HA minerals to form mineralized collagen fibrils. These two modeling steps are 
discussed in the following sections. 
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Figure 3.2. A schematic showing all the successive steps taken in the modeling of cortical bone: 
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(a) basic constituents of bone, (b) collagen matrix perforated by some pores hosting water and 
NCPs, (c) a mineralized collagen fibril built up by interfibrillar HA and collagen-water mixture, 
(d) an extrafibrillar HA foam made up from extrafibrillar HA crystals and some pores in-between 
them filled with water and NCPs, (e) a bundle of mineralized fibrils, arranged in a preferential 
direction, interacting with the extrafibrillar HA foam to form coated fibrils, (f) a single lamella 
built up by the matrix of coated fibrils perforated by lacunar cavities, (g) several lamellae with 
different fibril orientation stacked together in a twisted plywood pattern to form a sublaminate, 
(h) several sublaminates are arranged to form a ring resembling an osteonal lamella, (i) osteonal 
lamellae surround the Haversion canal to form a single osteon, (j) an interstitial lamella forming, 
approximately, a rectangular shape in between osteons (Note that an interstitial lamella can be 
envisioned as broken ring pieces that encircle the osteon), and (k) a cortical bone as a collection 
of osteons and resorption cavities embedded in the interstitial lamellae. 
 
3.2.1.1. Collagen-water Composite 
The fact that collagen molecules are linked through cross-links motivates the use of a 
continuous matrix containing some holes filled with water and NCPs. The holes are represented 
as cylindrical inclusions (inhomogeneities). A Mori-Tanaka scheme (MT) [83, 84] is used to 
estimate the effective stiffness tensor of a collagen-water mixture. Here, an assumption is made 
that a continuum approach is applicable at the nanostructural level. Such an assumption has been 
made by most researchers. Subscripts “col” and “w” refer to collagen and water with NPCs, 
respectively. Given the stiffness tensors of collagen, Ccol, and water-NPCs, Cw, the effective 
stiffness tensor of the collagen-water composite, Ccolw, is obtained as 
1 1
1 1 1
{( ) :[ : : ( )] }:
{ [ : : ( )] } ,
cyl
colw col w w col col col w col
cyl
col w col col w col
 
  
    
   
C C C C I S C C C
I I S C C C                                                (3.1)
 
where I is the identity tensor and S is the Eshelby tensor depending on the elastic properties of 
matrix and shape of inclusions [85]. Superscript “cyl” denotes the cylindrical shape of inclusions. 
 
3.2.1.2. Mineralized Collagen Fibril 
Two different cases, using two assumptions about collagen-HA interactions, are considered: 
interpenetrating phases versus matrix-inclusion phases. The first one is motivated by the recent 
experimental observations [90, 188, 189] which showed that HA crystals form a continuous 
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phase in bone, while the second one is included for comparison since most previous theoretical 
studies used this model. 
Assumption (1): Both phases, namely wet collagen and interfibrillar HA crystals, 
interpenetrate each other. In this case, a self-consistent (SC) method [88, 89], with two types of 
ellipsoidal inclusions and no matrix, is used to model bone at nanoscale. Cross-linked collagen 
molecules are assumed to be cylindrical with an aspect ratio of 1000:1:1 following the ~ 100 μm 
length [65] and ~ 100 nm diameter of collagen fibrils [1, 64], while HA crystals are represented 
as ellipsoids with an aspect ratio of 50:25:3 following [29]. Given the stiffness tensors of 
collagen-water composite, Ccolw, and interfibrillar HA crystals, CHA, the effective elastic stiffness 
tensor of a mineralized collagen fibril, Cfib, is obtained as  
1 1 1 1
1 1 1 1 1
{ :[ : : ( )] :[ : : ( )] }:
{ [ : : ( )] [ : : ( )] } .
cyl ellips
fib colw colw fib fib colw fib HA HA fib fib HA fib
cyl ellips
colw fib fib colw fib HA fib fib HA fib
   
    
      
     
C C I S C C C C I S C C C
I S C C C I S C C C
 (3.2) 
Subscripts “colw”, “HA”, and “fib” denote collagen-water mixture, interfibrillar HA crystals, and 
mineralized collagen fibril, respectively. Superscripts “cyl” and “ellips” refer, respectively, to 
cylindrical and ellipsoidal shapes of two phases, namely collagen and HA minerals. Since 
effective properties of a mineralized collagen fibril, Cfib, are not isotropic, the components of 
Eshelby tensor are evaluated numerically for an ellipsoidal inclusion embedded in a general 
anisotropic matrix using a Fortran code developed by Gavazzi and Lagoudas [190]. Equation 




fibS , which are dependent on Cfib, must be updated in each iteration.  
Assumption (2): Collagen-water mixture plays the role of a continuous matrix, while 
interfibrillar HA minerals act as reinforcing inclusions. Here, the Mori-Tanaka scheme is used to 




{( ) :[ : : ( )] }:
{ [ : : ( )] } ,
ellips
fib colw HA HA colw colw colw HA colw
ellips
colw HA colw colw HA colw
 
  
    
   
C C C C I S C C C
I I S C C C
                                     (3.3)             
where subscripts and superscripts are as defined above. 
Note that HA minerals in bone are distributed non-uniformly due to stochastic nature of 
mineralization process and due to remodeling [191], leading to spatial heterogeneity at different 
structural scales. Here, effective medium theories are used which allow specifying the alignment 
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and shapes of phases but not their specific arrangement. Our models assume that different phases 
are distributed randomly but in a statistically uniform way which enables us to obtain 
homogenized properties of a mineralized collagen fibril. Alternately, one could assume a non-
uniform distribution of minerals. However, since the exact distribution of minerals in collagen 
fibrils is still not well understood (experimental techniques are not yet available to make such 
measurements), the above described approach is selected for simplicity. Secondly, local mineral 
contents vary spatially due to remodeling. In this model, a uniform spatial mineral distribution is 
assumed, again for simplicity. 
It should also be noted that most models developed to predict the behavior of bone at 
nanoscale, including the current study, used the continuum mechanics approach [51, 60, 92], 
while the nano-sized dimensions of bone’s components as well as their special arrangements and 
interactions motivated some researchers to use discrete atomistic, specifically molecular 
dynamics (MD), simulations [103-105].  
 
3.2.2. Sub-Microscale 
At sub-microscale, two successive modeling steps are defined: 1) combining mineralized 
collagen fibrils with an extrafibrillar HA foam to form coated fibrils, and 2) combining the 
coated fibrils with lacunar cavities to form a single lamella. 
 
3.2.2.1. Mineralized Collagen Fibrils Combined with an Extrafibrillar HA Foam (Coated 
Fibrils) 
X-ray diffraction, atomic force microscopy, and transmission electron microscopy 
confirmed an existence of randomly dispersed extrafibrillar minerals outside the fibrils [32, 45-
47]. Such HA crystals can be thought of a as porous polycrystal consisting of HA minerals with 
intercrystalline pores in-between filled with water and NCPs [49, 94]. This model motivates the 
use of the self-consistent scheme with two interpenetrating phases, namely HA crystals and 
pores, to capture the overall behavior of the extrafibrillar HA foam [49, 94, 153]. The disorder of 
HA crystals leads to the isotropy of the homogenized material. Therefore, for the sake of 
simplicity, both phases are assumed to be spherical in shape, following [192]. Taking into 
account all these assumptions, self-consistent equations are reduced to a system of two non-
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linear equations for the two unknowns, extrafibrillar HA foam’s shear modulus, GEfoam, and bulk 
modulus, KEfoam, as follows 
( ) ( )
0,
1 ( ) / 1 ( ) /
HA HA Efoam w w Efoam
Efoam HA Efoam Efoam Efoam w Efoam Efoam
K K K K
K K K K K K 
   
 
   
                                   (3.4)
( ) ( )
0,
1 ( ) / 1 ( ) /
HA HA Efoam w w Efoam
Efoam HA Efoam Efoam Efoam w Efoam Efoam
G G G G
G G K G G G 
   
 
   

























                                                                                                     (3.7) 
Subscripts “w” and “HA” refer to water/NCPs and extrafibrillar HA crystals, respectively, while 
K and G are the bulk and shear moduli of pertinent phases.  
The following two methods are taken into account to model the interaction between 
mineralized collagen fibrils and extrafibrillar HA foam. 
Assumption (1): Mineralized collagen fibrils and extrafibrillar HA foam interpenetrate each 
other. Fibrils are assumed to be cylindrical in shape and uni-directionally aligned, while 
extrafibrillar HA foam is assumed to be spherical. Subscript “cfib” refers to mineralized collagen 
fibrils combined with extrafibrillar HA foam (coated fibrils). The self-consistent scheme is 
applied to obtain the effective elastic tensor of coated fibrils, Ccfib, as 
1 1 1 1
1 1 1 1 1
{ :[ : : ( )] :[ : : ( )] }
:{ [ : : ( )] [ : : ( )] } .
cyl sph
cfib fib fib cfib cfib fib cfib Efoam Efoam cfib cfib Efoam cfib
cyl sph
fib cfib cfib fib cfib Efoam cfib cfib Efoam cfib
   
    
      
     
C C I S C C C C I S C C C
I S C C C I S C C C
  (3.8)
         
In Equation (3.8), superscripts “cyl” and “sph” refer to cylindrical and spherical shapes of 
mineralized fibrils and extrafibrillar HA foam, respectively, while 
cyl
cfibS  and 
sph
cfibS  denote Eshelby 
tensors for cylindrical (fibrils) and spherical (HA foam) inclusions. 
Assumption (2): Extrafibrillar HA foam and mineralized collagen fibrils are represented, 
respectively, as a matrix and inclusions. This assumption motivates us to use the Mori-Tanaka 




{( ) :[ : : ( )] }:
{ [ : : ( )] } ,
cyl
cfib Efoam fib fib Efoam Efoam Efoam fib Efoam
cyl
Efoam fib Efoam Efoam fib Efoam
 
  
    
   
C C C C I S C C C
I I S C C C
                               (3.9)                                          
 
where subscripts “cfib”, “fib”, and “Efoam” are as defined above, and cylEfoamS  denotes the Eshelby 
tensor corresponding to cylindrical inclusions (fibrils) embedded in the extrafibrillar HA matrix. 
 
3.2.2.2. Single Lamella 
The osteocyte-filled ellipsoidal cavities, lacunae, are embedded in a matrix built up in 
Section 3.2.2.1 to form a single lamella. The effective elastic constants of a single lamella, 
Clamella, are obtained by using the Mori-Tanaka scheme as 
1 1
1 1 1
{( ) :[ : : ( )] }:
{ [ : : ( )] } .
ellips
lamella cfib lac lac cfib cfib cfib lac cfib
ellips
cfib lac cfib cfib lac cfib
 
  
    
   
C C C C I S C C C
I I S C C C
                                     (3.10) 
Subscripts “lamella”, “lac”, and “cfib” denote, respectively, the single lamella, hollow lacunar 
pores, and coated fibrils. Lacunae are represented by ellipsoids with 5:2:1 aspect ratio, following 
dimensions 25×10×5 µm
3
 [60, 67], occupying 3% volume fraction. The effect of canaliculi 
channels is neglected in the model. 
 
3.2.3. Microscale 
At this level, two distinct lamellar structures exist in mature cortical bone: a single osteon 
and an interstitial lamella. The methods for modeling these microstructures are discussed 
separately in the following sections. 
 
3.2.3.1. Single Osteon 
An osteon, the basic unit of cortical bone, consists of concentric lamellae (called osteonal 
lamellae) surrounding the Haversian canal. As mentioned earlier, the fibrils in a single lamella 
are oriented in a preferential direction. In histological analyses, the laminations appear as 
alternating light and dark layers under polarized light which are due to different orientations of 
collagen fibrils within the adjacent lamellae [193]. The axes between the adjacent layers can 
differ by as much as 90 degrees. Several types of fibril orientations in osteonal lamellae were 
reported in literature including orthogonal and twisted plywood motifs. In the latter orientation 
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pattern, there is a fixed angle of orientation between each lamella and there is a rotation along the 
longitudinal axis, as illustrated in Figure 2.14.  
The elastic properties of an osteonal lamella are determined following the homogenization 
scheme of Sun and Li [194] developed based on laminated composite materials theory (LCMT). 
In their model, Sun and Li divided a thick laminate into a large number of repeating 
sublaminates. Each sublaminate was treated as a three-dimensional homogeneous anisotropic 
solid which served as a representative volume element (RVE) for the whole laminate. 
Sublaminates were, in turn, composed of several laminas (lamellae) with different stacking of 
fibril orientation. The thickness of a typical sublaminate was assumed to be small compared with 
that of the whole laminate. In addition, the in-plane dimensions were kept infinitesimal so that 
the stresses and strains in each lamina were uniform in the planar directions. From the 
consideration of stress and displacement continuity conditions at the interfaces of the laminas, 
Sun and Li further assumed constant in-plane stresses in the x1x2 plane, and constant out-of-plane 
strains, through the x3 axis, as follows 
( )
1111 ,
k         ( ) 3333 ,
k   
( )
2222 ,
k        ( ) 2323 ,
k   
( )
12 12 ,
k         ( ) 3131 ,
k                                                                                                          (3.11) 
where
( )k
ij  and 
( )k
ij  are the stress and strain components in the k
th
 lamina. Using the contracted 
notation for stresses  1 2 3 4 5 6, , , , ,
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      , the stress-strain relationship for a laminate, with 
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C                                                                               (3.13) 
Note that the coefficients 16C , 26C , 36C , and 45C  are generally negligible. The effective elastic 
constants of the laminate, ijC , can be defined in terms of elastic properties of single lamellae as 
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with 
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where 
( )k
ijC is the elastic stiffness of the k
th
 single lamina with its own specific fibril orientation 
and N shows the number of laminas of arbitrary thickness within a sublaminate. k  is the 
volume fraction of the k
th




   with tk being the thickness of the k
th
 lamina 
and h being the total thickness of the sublaminate. Since each single lamina has a different fibril 
orientation, a transformation matrix, Rij, is needed to rotate the fibril angle in each lamina [195] 
2 2 2
1 1 1 1 1 1 1 1 1
2 2 2
2 2 1 2 2 2 2 2 2
2 2 2
3 3 3 3 3 3 3 3 3
2 3 2 3 2 3 2 3 3 2 2 3 3 2 2 3 3 2
3 1 3 1 3 1 3 1 1 3 3 1 1 3 3 1 1 3





m n p n p p m m n
m n p n p p m m n
m n p n p p m m n
m m n n p p n p n p p m p m m n m n
m m n n p p n p n p p m p m m n m n



















                                (3.16) 
where mi, ni, and pi are the direction cosines of the axis i (i = 1,2,3), that is 
1 1cos ,xm   1 1cos ,yn    1 1cos ,zp   
2 2cos ,xm      2 2cos ,yn      2 2cos ,zp    
3 3cos ,xm      3 3cos ,yn       3 3cos .zp                                                                 (3.17) 
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Figure 3.3 shows that the 123 coordinate system is the global Cartesian coordinate system of the 
sublaminate, while the xyz coordinate system represents the local coordinate system of each 
lamina. The angles 
ij are measured from the axis i to the axis j, Figure 3.3. After the 
transformation, the stiffness tensor of the k
th
 lamina is obtained as   
( ) 1( ) ( ) ,k k kC R CR                                                                                                    (3.18) 
where C is the stiffness tensor of a single lamina. 
In our problem, the osteonal lamella plays the role of a thick laminate and is broken into 
similar pieces called sublaminates. Every sublaminate consists of several single lamellae with 
twisted plywood pattern of collagen fibrils. Such a microstructure justifies the application of Sun 
and Li formulation [194] for the modeling of the osteonal lamella. This modeling procedure 
leads to a transversely isotropic response about the axis perpendicular to an osteon axis, which is 
placed along the x1-axis. A large number of sublaminates at different orientations about the 
osteon axis are then joined together into a ring forming the osteonal lamella, resulting in a 
transversely isotropic behavior along the osteon axis. Therefore, Sun and Li’s formulation [194] 
is applied twice in the modeling of an osteonal lamella. First, several single lamellae, with the 
properties taken from Section 3.2.2.2, are rotated about the x3-axis to find the effective properties 
of a sublaminate. Then, in the second step, several sublaminates are rotated about the x1-axis to 
obtain the effective elastic properties of the osteonal lamella. Figures 3.2g and 3.2h illustrate the 
steps taken in the modeling of osteonal lamellae. 
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Figure 3.3. Illustration of the global (123) and local (xyz) coordinate systems referred to in the 
three-dimensional transformational relations. 
 
Having found the elastic properties of the osteonal lamella, the effective elastic constants of 
a single osteon are determined using a generalized-self consistent method (GSC) [196] following 
the approach of Dong and Guo [197]. At this level, the osteon is modeled as a two-phase 
composite with the osteonal lamellae being a matrix and the Haversian canal being a hollow 
cylindrical inclusion. The properties of the osteonal lamellae, used as inputs in this model, are 
transversely isotropic. This combined with a longitudinally aligned hollow Haversian canal result 
in effectively transversely isotropic properties for an osteon. Thus, five effective elastic constants 
characterize the elastic behavior of an osteon. 
  
3.2.3.2. Interstitial Lamellae 
The evaluation of the effective elastic moduli of the interstitial lamellae follows the same 
homogenization procedure as for the osteonal lamellae case. Homogenization at this level results 
in a transversely isotropic response along the bone’s long axis. The interstitial lamella always 
arranges itself according to the preferential orientation of fibrils in the plane whose axis is 

















account, the response will be transversely isotropic along the bone axis. In other words, these 
sublaminates can be treated as broken interstitial lamella rings. The difference between the 
broken osteonal lamella and interstitial lamella rings is that the ring pieces of the latter group are 
remnants of old osteons and are located in between osteons, while the osteonal lamella rings 
remain intact. This phenomenon can be viewed more vividly in Figure 3.2j. Another issue to be 
considered is the degree of mineralization (DOM) of the interstitial lamellae. In general, the 
osteons are less stiff and less mineralized than the interstitial bone tissue [198, 199]. Hence, a 
higher degree of mineralization is used for an interstitial lamella as compared to an osteon. 
 
3.2.4. Mesoscale 
Hybrid Mori-Tanaka scheme [200], with the interstitial lamellae being the matrix and the 
osteons together with some resorption cavities being two types of inclusions (inhomogeneities), 
is applied to evaluate the elastic constants of cortical bone. Both the osteons and resorption sites 
are represented as cylinders with their axis of symmetry along the long axis of bone. Let the 
subscripts “interstitial”, “osteon”, and “v” denote, respectively, the interstitial lamella, the osteon 
as an inclusion of type 1, and the void as an inclusion of type 2. Also, assume that the entire 
hybrid composite occupies a domain D, while the inclusions of type 1 and 2 are located in 
domains 1  
and 2 , respectively. A surface traction is prescribed on the boundary of the 
composite to give a uniform stress 0σ . Under this applied stress, the average stress in the 
interstitial matrix is given by interstitial  
0σ σ  with 
interstitial interstitial : ,  σ C ε                                                                                          (3.19) 
where ε  is the average strain disturbance in the matrix due to both types of inclusions. 
Considering only the inclusion of type 1 (osteons), the equivalent inclusion method yields in 1   
1 *
interstitial osteon: ( ) : ( ),       
0 0 1 0 1σ σ C ε ε ε ε C ε ε ε                                        (3.20) 
where 1σ  and 1ε  are the disturbance of stress and strain, respectively, due to the single 
inhomogeneity 1 in the domain 1 . 
*ε  is the corresponding eigenstrain which is non-zero in 
domain 1  and zero elsewhere. In the entire domain D 
interstitial : .




interstitial : ( ).  
1σ C ε ε ε                                                                                        (3.22) 
Following Eshelby’s solution [85], the perturbation strain and the eigenstrain in 1  are related as 
*: ,1 1ε S ε                                                                                                               (3.23) 
where 1S  is the Eshelby’s tensor depending only on interstitialC  and the geometry of 1 . The same 
process can be repeated for the inhomogeneity of type 2, namely the voids, in the domain 2   
2 2 ** 2
interstitial v: ( ) : ( ).       
0 0 0σ σ C ε ε ε ε C ε ε ε                                           (3.24) 
With Equation (3.21), Equation (3.24) yields 
2 2 **
interstitial : ( ).  σ C ε ε ε                                                                                       (3.25) 
2ε  is related to **ε  as  
2 2 **: ,ε S ε                                                                                                              (3.26) 
where **ε  is the eigenstrain in 2  and 
2S  is the Eshelby’s tensor which depends on interstitialC  and 
the geometry of inhomogeneity type 2. The disturbed stress must satisfy 0
D
dv σ ; therefore, 
  
1 2 1 2(1 ) 0,         
1 2
interstitialσ σ σ                                                                (3.27) 
where < > denotes the volume averaged quantity. 
By eliminating 1ε  and 2ε  through Equations (3.23) and (3.26), three unknowns, i.e. ε , *ε , 
and **ε , remain to be determined by solving three Equations (3.20), (3.24), and (3.27). Once *ε  
and **ε  are found, the effective stiffness tensor of the cortical bone, corticalC , is obtained using the 
equivalence of strain energies 
1 1
cortical interstitial
1 1 1 1
: : : : ,
2 2 2 2
osteon v
     0 0 0 0 0 * 0 **σ C σ σ C σ σ ε σ ε                                                  (3.28) 
where 1interstitial

C  and 1cortical

C  are the compliance tensors of the interstitial matrix and the 
cortical bone, respectively. The effective elastic properties of the interstitial lamellae are 
obtained based on the homogenization procedure described in Section 3.2.3.2. Since the 
interstitial lamella has a transversely isotropic response, the Eshelby tensors 1S  and 2S  are 
evaluated numerically [190]. 
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3.2.5. Summary of Modeling Approaches 
In Section 3.2.1.2 two different methods were introduced to model collagen-HA 
interactions: one using SC scheme for modeling interpenetrating phases and the other using MT 
scheme based on matrix-inclusion geometry. Similarly, two modeling methods were discussed in 
Section 3.2.2.1 accounting for different types of interactions between fibrils and extrafibrillar 
HA foam. These, altogether, give rise to four sets of approaches to model cortical bone at 
nanoscale and sub-microscale and, subsequently, at higher scales. Such approaches, called as 
approaches I, II, III, and IV, are summarized in Table 3.1.  
 
Table 3.1. Different modeling approaches and methods applied at each scale for modeling the 
elastic properties of cortical bone (SC: self-consistent method, MT: Mori-Tanaka method, and 
LCMT: laminated composite materials theory). 
Hierarchical level 
Modeling approaches and methods 





























Microscale LCMT   LCMT LCMT LCMT 
Mesoscale Hybrid MT Hybrid MT Hybrid MT Hybrid MT 
 
3.3. Modeling Results 
The mechanical properties and volume fractions of bone constituents, including collagen, 
HA crystals, water, and NCPs, are the main inputs for the multiscale modeling approach. As 
discussed in Section 2.5, a wide range of values for the elastic modulus of collagen and mineral 
was reported in literature (see Table 2.1). The reported values for Young’s modulus of collagen 
range from less than 1 GPa [201] up to 12 GPa [165], depending on the state of hydration, 
species, and experimental technique used to measure them. The properties of bone’s constituents 
employed in the current study are listed in Table 3.2. In order to assess the effect of collagen 
properties on the overall properties of trabecular bone, two values of collagen Young’s modulus 
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are selected: 1.5 GPa [77, 174, 175, 202] and 5.4 GPa [172], which are, respectively, on lower 
and higher sides of the range. The Poisson’s ratio of collagen is assumed to be 0.28 so that the 
overall Poisson’s ratio of wet collagen composite becomes about 0.35, as estimated by Katz 
[183]  and used by Nikolov and Raabe [51]. For HA crystals, the Young’s modulus is chosen to 
be 114 GPa [203, 204], while the Poisson’s ratio is set to be 0.23 based on the results of ab initio 
calculations by Snyders et al. [205]. To our knowledge, no data is available in the literature for 
the mechanical properties of NCPs. Since they consist of flexible coiling macromolecules, their 
Young’s modulus must be lower compared to modulus of collagen with its relatively stiff triple-
helical structure. Here, it is assumed that the NCPs have isotropic properties with Young’s 
modulus equal to 1 GPa [51] and Poisson’s ratio of 0.45 which is a typical value for soft 
polymers with flexible macromolecules [51]. For water, the bulk modulus is chosen to be 2.3 
GPa with a Poisson’s ratio of 0.49 corresponding to a nearly incompressible material.  
For simplicity, all components are assumed to have linear elastic and isotropic behavior. 
This is an idealization. Many researchers reported the properties of a single HA crystal to be 
anisotropic [203-205]. Similarly, for collagen, Cusack and Miller [165] reported a transversely 
isotropic behavior. However, while modeling bone as a collagen-HA composite, almost all 
researchers used isotropic behavior for both collagen and HA crystals. This was due to simplicity 
and, more importantly, due to lack of enough experimental data for anisotropic properties of 
collagen and HA in bone. Most references report isotropic properties of HA and collagen (giving 
a wide range of values), while the data on anisotropic constants is very limited (also showing a 
wide range in values). Our model is set up in such a way that it could easily handle anisotropic 
properties of collagen and HA. However, due to the uncertainty of what the anisotropic constants 
are, isotropic properties for bone’s constituents are selected. 
Furthermore, researchers used different volume fractions for HA minerals ranging from 32 
to 52% (see Table 2.2). Here, an intermediate value between the lower and upper bounds, 42%, 
is selected for the degree of mineralization of osteons. This value was also used by Jager and 
Fratzl [50] for a fully mineralized mature bone. As mentioned earlier, the degree of 
mineralization is higher in the interstitial lamella compared to that of osteon. Therefore, the 




Table 3.2. Properties of bone’s constituents employed in the modeling of cortical bone. 
 
Material 




Volume fraction (%) 




0.28  41 33 
Hydroxyapatite 114  0.23  42 50 
Non-collagenous proteins 1  0.45  4 4 




Volume fraction (%) 
Osteon Interstitial lamella 
Water 2.3  0.49 13 13 
 
3.3.1. Nanoscale 
It is assumed that 75% of total HA crystals are interfibrillar and the remaining crystals 
(25%) form an extrafibrillar HA foam. Cylindrical collagen molecules as well as ellipsoidal 
mineral crystals are aligned along the axis 1 of the Cartesian coordinate system. Effective 
stiffness tensor of a mineralized collagen fibril, obtained using approaches I-IV, are listed in 
Table 3.3 for the mineral volume fraction of 42%. The results are reported for both values of 
collagen modulus: 1.5 GPa and 5.4 GPa (shown inside parentheses). Table 3.4 tabulates the 
corresponding results for the higher mineral volume fraction, 50%.  
 
3.3.2. Sub-Microscale 
Cylindrical mineralized collagen fibrils are combined with extrafibrillar HA foam to form 
coated fibrils, which are perforated by lacunar cavities. It is assumed that extrafibrillar HA 
crystals comprise 25% of the total minerals. Again, four different approaches are used to find 
effective elastic constants of a single lamella and the results are tabulated in Table 3.5 for both 
values of collagen modulus and the lower mineral volume fraction. Also, components of stiffness 
tensor of a single lamella for the higher mineral volume fraction of 50% are given in Table 3.6. 
 
3.3.3. Microscale 
3.3.3.1. Single Osteon 
The properties of an osteonal lamella are calculated using the results for the single lamellae 
obtained in Section 3.3.2 for the mineral volume fraction of 42%. Giraud-Guille observed 
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twisted plywood architecture of collagen fibrils for human osteons [108]. Therefore, the 
assumption of the twisted plywood motif is adopted here for the fibril orientation. The starting 
angle, the angle which gives the largest elastic modulus, is chosen to be 0 degree for the 
innermost layer. The phenomenon of decreasing elastic modulus from the innermost layer was 
confirmed by nanoindentation experiments [206]. Since the osteon does not have a fixed number 
of osteonal lamella layers and, to our knowledge, there is no data available in the literature about 
the orientation of the osteon’s outermost layer, it is assumed that the fibrils complete a 180 
degrees turn from the innermost to the outermost layer. This will result in an anti-symmetric 
laminate with the in-plane isotropy. As long as the layers are not orthogonal to each other, the 
angle change between successive layers has negligible effect on the results [207]. Another 
parameter to consider is the degree of mineralization of the osteonal lamella. For simplicity, it is 
assumed that the DOM is the same and equal to 42% for all layers. Table 3.7 lists elastic 
constants of an osteonal lamella obtained for different modeling approaches and different 
collagen elastic moduli. 
A typical osteon is a cylinder about 250 μm in diameter and 1 cm long, while the diameter 
of Haversian canal is approximately 50 μm [193]. This gives the volume fraction of the canal of 
about 4%. Within the central canal run blood vessels, lymphatics, nerves and connective tissues 
that continue through the bone marrow and periosteum [193]. Therefore, for simplicity, the 
mechanical properties of the Haversian canal are assumed to be similar to that of water. Using 
the generalized-self consistent method with the osteonal lamellae being the matrix and the 
Haversian canal being the inclusion, the transversely isotropic elastic constants of a single osteon 
are found as listed in Table 3.8 for different modeling approaches. The lower volume fraction of 
42% is employed in all the calculations pertaining to an osteonal lamella and an osteon. 
 
3.3.3.2. Interstitial Lamellae 
As mentioned earlier, the DOM in the interstitial lamella is greater than that of the osteons. 
Hence, the mineral volume fraction is set to be 50% in modeling of an interstitial lamella. The 
stiffness tensor of the interstitial lamella is found following the method described in Section 
3.2.3.2 and its components are tabulated in Table 3.9 for all four modeling approaches and both 




The bone tissue modeled here is a mature cortical bone which has a high volume fraction of 
developed osteons and a very small amount of resorption cavities. Here, the volume fraction of 
osteons is selected to be 66% [193], while the pores only occupy a small volume fraction (about 
3-5%). The osteons and pores are embedded in a matrix built up by interstitial lamellae to form 
the cortical bone. The components of the transversely isotropic elastic stiffness tensor of the 
mature cortical bone are given in Table 3.10. 
 
Table 3.3. Non-vanishing elastic stiffness components of cortical bone at the level of a 
mineralized collagen fibril (nanoscale) for different modeling approaches and collagen Young’s 
moduli of 1.5 GPa and 5.4 GPa, which are shown, respectively, outside and inside parentheses. 
The results correspond to mineral volume fraction of 42%. 
Elastic constants of a mineralized collagen fibril, mineral volume fraction=42% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 33.05 (36.93) 33.05 (36.93) 12.24 (26.48) 12.24 (26.48) 
C12 4.75 (7.16) 4.75 (7.16) 2.87 (5.66) 2.87 (5.66) 
C13 2.13 (4.48) 2.13 (4.48) 1.53 (3.84) 1.53 (3.84) 
C22 15.27 (23.22) 15.27 (23.22) 7.36 (19.15) 7.36 (19.15) 
C23 2.24 (4.68) 2.24 (4.68) 1.56 (3.98) 1.56 (3.98) 
C33 4.31 (11.31) 4.31 (11.31) 3.19 (9.48) 3.19 (9.48) 
C44 5.00 (7.82) 5.00 (7.82) 1.29 (4.09) 1.29 (4.09) 
C55 7.04 (9.13) 7.04 (9.13) 1.28 (4.07) 1.28 (4.07) 
C66 12.47 (13.80) 12.47 (13.80) 5.17 (10.76) 5.17 (10.76) 
 
Table 3.4. Non-vanishing elastic stiffness components of cortical bone at the level of a 
mineralized collagen fibril (nanoscale) for different modeling approaches and collagen Young’s 
moduli of 1.5 GPa and 5.4 GPa, which are shown, respectively, outside and inside parentheses. 
The results correspond to mineral volume fraction of 50%. 
Elastic constants of a mineralized collagen fibril, mineral volume fraction=50% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 44.73 (47.61) 44.73 (47.61) 15.46 (31.19) 15.46 (31.19) 
C12 5.53 (8.20) 5.53 (8.20) 2.86 (6.64) 2.86 (6.64) 
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Table 3.4 (cont.) 
C13 2.58 (5.25) 2.58 (5.25) 1.85 (4.38) 1.85 (4.38) 
C22 19.44 (27.62) 19.44 (27.62) 9.07 (22.25) 9.07 (22.25) 
C23 3.13 (5.94) 3.13 (5.94) 1.9 (4.57) 1.9 (4.57) 
C33 5.79 (13.67) 5.79 (13.67) 3.64 (10.33) 3.64 (10.33) 
C44 7.67 (10.51) 7.67 (10.51) 1.55 (4.48) 1.55 (4.48) 
C55 11.09 (12.64) 11.09 (12.64) 1.54 (4.45) 1.54 (4.45) 
C66 15.85 (16.83) 15.85 (16.83) 6.59 (12.69) 6.59 (12.69) 
 
Table 3.5. Non-vanishing elastic stiffness components of cortical bone at the level of a single 
lamella (sub-microscale) for different modeling approaches and collagen Young’s moduli of 1.5 
GPa and 5.4 GPa, which are shown, respectively, outside and inside parentheses. The results 
correspond to mineral volume fraction of 42%. 
Elastic constants of a single lamella, mineral volume fraction=42% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 35.97 (39.81) 38.19 (41.63) 14.69 (29.55) 20.34 (32.62) 
C12 5.61 (8.06) 6.03 (8.31) 2.92 (6.53) 3.73 (6.93) 
C13 2.83 (5.31) 3.54 (5.73) 1.95 (4.5) 2.98 (5.12) 
C22 17.8 (25.95) 19.27 (26.8) 8.92 (21.63) 11.67 (22.92) 
C23 2.94 (5.57) 3.73 (6.04) 2.0 (4.71) 3.07 (5.37) 
C33 5.95 (13.5) 8.63 (15.12) 4.16 (11.27) 7.53 (13.38) 
C44 6.42 (9.33) 7.29 (9.8) 2.14 (5.55) 3.95 (6.47) 
C55 8.54 (10.65) 9.33 (11.16) 2.22 (5.60) 4.25 (6.72) 
C66 13.79 (15.06) 14.15 (15.32) 6.50 (12.17) 7.73 (12.65) 
 
Table 3.6. Non-vanishing elastic stiffness components of cortical bone at the level of a single 
lamella (sub-microscale) for different modeling approaches and collagen Young’s moduli of 1.5 
GPa and 5.4 GPa, which are shown, respectively, outside and inside parentheses. The results 
correspond to mineral volume fraction of 50%. 
Elastic constants of a single lamella, mineral volume fraction=50% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 47.74 (50.53) 49.30 (51.85) 18.79 (35.05) 25.10 (38.24) 
C12 6.66 (9.31) 6.97 (9.47) 3.67 (7.69) 4.38 (8.01) 
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Table 3.6 (cont.) 
C13 3.52 (6.29) 4.12 (6.62) 2.39 (5.19) 3.37 (5.75) 
C22 22.86 (31.08) 23.94 (31.62) 11.25 (25.40) 13.93 (26.53) 
C23 4.10 (7.02) 4.82 (7.43) 2.48 (5.47) 3.5 (6.16) 
C33 8.13 (16.59) 10.62 (17.93) 4.94 (12.62) 8.49 (14.78) 
C44 9.46 (12.23) 10.04 (12.54) 2.72 (6.31) 4.61 (7.25) 
C55 12.8 (14.27) 13.24 (14.57) 2.86 (6.42) 4.96 (7.51) 
C66 17.21 (18.11) 17.42 (18.26) 8.29 (14.31) 9.42 (14.71) 
 
Table 3.7. Non-vanishing elastic stiffness components of cortical bone at the level of an osteonal 
lamella (microscale) for different modeling approaches and collagen Young’s moduli of 1.5 GPa 
and 5.4 GPa, which are shown, respectively, outside and inside parentheses. Mineral volume 
fraction of 42% is employed in all the calculations. 
Elastic constants of a single osteon, mineral volume fraction=42% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 28.45 (34.2) 30.1 (35.39) 12.84 (26.9) 16.8 (28.87) 
C12 3.47 (6.02) 4.05 (6.44) 2.05 (4.87) 2.97 (5.5) 
C13 3.47 (6.02) 4.05 (6.44) 2.05 (4.87) 2.97 (5.5) 
C22 15.2 (23.03) 17.9 (24.56) 7.36 (17.39) 11.47 (19.7) 
C23 2.83 (5.09) 3.39 (5.3) 2.64 (4.99) 2.77 (5.05) 
C33 15.2 (23.03) 17.9 (24.56) 7.36 (17.39) 11.47 (19.7) 
C44 6.18 (8.97) 7.25 (9.63) 2.36 (6.20) 4.35 (7.32) 
C55 9.57 (11.76) 10.33 (12.22) 3.64 (8.0) 5.42 (8.89) 
C66 9.57 (11.76) 10.33 (12.22) 3.64 (8.0) 5.42 (8.89) 
 
Table 3.8. Non-vanishing elastic stiffness components of cortical bone at the level of a single 
osteon (microscale) for different modeling approaches and collagen Young’s moduli of 1.5 GPa 
and 5.4 GPa, which are shown, respectively, outside and inside parentheses. Mineral volume 
fraction of 42% is employed in all the calculations. 
Elastic constants of a single osteon, mineral volume fraction=42% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 27.47 (32.9) 28.99 (34.1) 12.46 (25.94) 16.24 (27.81) 
C12 3.43 (5.8) 3.97 (6.33) 1.94 (4.68) 2.84 (5.31) 
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Table 3.8 (cont.) 
C13 3.43 (5.8) 3.97 (6.33) 1.94 (4.68) 2.84 (5.31) 
C22 14.15 (21.15) 16.57 (22.76) 7.08 (16.18) 10.74 (18.2) 
C23 2.75 (4.97) 3.2 (5.15) 2.46 (4.75) 2.63 (4.88) 
C33 14.15 (21.15) 16.57 (22.76) 7.08 (16.18) 10.74 (18.2) 
C44 5.7 (8.09) 6.68 (8.81) 2.31 (5.71) 4.05 (6.66) 
C55 8.79 (10.86) 9.54 (11.28) 3.36 (7.38) 5.0 (8.21) 
C66 8.79 (10.86) 9.54 (11.28) 3.36 (7.38) 5.0 (8.21) 
 
Table 3.9. Non-vanishing elastic stiffness components of cortical bone at the level of an 
interstitial lamella (microscale) for different modeling approaches and collagen Young’s moduli 
of 1.5 GPa and 5.4 GPa, which are shown, respectively, outside and inside parentheses. Mineral 
volume fraction of 50% is employed in all the calculations. 
Elastic constants of an interstitial lamella, mineral volume fraction=50% 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 36.77 (41.97) 37.9 (42.77) 16.33 (31.74) 20.43 (33.63) 
C12 4.39 (7.31) 4.97 (7.64) 2.4 (5.7) 3.44 (6.31) 
C13 4.39 (7.31) 4.97 (7.64) 2.4 (5.7) 3.44 (6.31) 
C22 20.58 (27.83) 22.87 (29.9) 9.15 (20.07) 13.45 (22.38) 
C23 3.14 (5.79) 3.79 (6.17) 3.06 (6.33) 3.79 (6.81) 
C33 20.58 (27.83) 22.87 (29.9) 9.15 (20.07) 13.45 (22.38) 
C44 8.72 (11.47) 9.54 (11.86) 3.05 (6.87) 4.83 (7.78) 
C55 13.20 (14.98) 13.66 (15.27) 4.65 (9.3) 6.5 (10.18) 
C66 13.20 (14.98) 13.66 (15.27) 4.65 (9.3) 6.5 (10.18) 
 
Table 3.10. Non-vanishing elastic stiffness components of cortical bone at the bone level 
(mesoscale) for different modeling approaches and collagen Young’s moduli of 1.5 GPa and 5.4 
GPa, which are shown, respectively, outside and inside parentheses.  
Elastic constants of cortical bone 
Elastic constants 
(GPa) 
Approach I Approach II Approach III Approach IV 
C11 25.83 (30.87) 27.24 (31.98) 11.68 (24.29) 15.23 (26.04) 
C12 3.07 (5.14) 3.54 (5.59) 1.68 (4.06) 2.48 (4.62) 
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Table 3.10 (cont.) 
C13 3.07 (5.14) 3.54 (5.59) 1.68 (4.06) 2.48 (4.62) 
C22 12.47 (18.54) 14.55 (19.89) 6.13 (13.99) 9.31 (15.74) 
C23 2.63 (4.59) 3.05 (4.77) 2.12 (4.16) 2.37 (4.33) 
C33 12.47 (18.54) 14.55 (19.89) 6.13 (13.99) 9.31 (15.74) 
C44 4.92 (6.98) 5.75 (7.56) 2.01 (4.92) 3.47 (5.71) 
C55 8.18 (10.1) 8.88 (10.49) 3.12 (6.85) 4.65 (7.62) 
C66 8.18 (10.1) 8.88 (10.49) 3.12 (6.85) 4.65 (7.62) 
 
3.4. Discussion 
Four distinct hierarchical levels, namely the mineralized collagen fibril, the single lamella, 
the single osteon as well as interstitial lamella, and the cortical bone levels, were defined for 
cortical bone, and different micromechanics and laminated composite materials models were 
proposed at these structural scales to account for the pertinent microstructural features. Using 
this multiscale modeling approach, the transversely isotropic elastic constants of mature cortical 
bone were obtained. 
Tables 3.11 and 3.12 list, respectively, the longitudinal and transverse elastic moduli of the 
osteonal lamella, the single osteon, the interstitial lamella, and the cortical bone obtained in the 
current study for different modeling approaches and different collagen elastic moduli. These 
tables also give the selected experimental data available in the literature to allow for a 
comparison with our results. The predicted analytical results are in a reasonably good agreement 
with those of experiments. It should be noted that since it is difficult to distinguish the osteonal 
lamellae from the interstitial lamellae in the transverse direction, not much data is available in 
the literature on the transverse elastic moduli of those lamellae and, instead, most of the works 









Table 3.11. Comparison of predicted results for longitudinal elastic moduli of cortical bone at 
different scales with experimental data. Modeling results are listed for different approaches, 
indicated by I, II, III, IV, and both collagen moduli: 1.5 GPa and 5.4 GPa (inside parentheses).  
Tissue 
Longitudinal elastic modulus (GPa) 
Modeling results for 
different approaches 
and collagen moduli 
Experimental data 
Measurements Bone type Testing technique 
Osteonal 
lamella 
I: 27.11 (31.62) 
II: 28.56 (32.61) 
III: 12.00 (24.78) 




















I: 26.07 (30.32) 
II: 27.39 (31.22) 
III: 11.67 (23.85) 
IV: 15.03 (25.36) 
21.1±6.2 [211] Human femur Tensile testing 
Interstitial 
lamella 
I: 35.14 (38.87) 
II: 36.05 (39.53) 
III: 15.39 (29.28) 
























I: 24.58 (28.58) 
II: 25.82 (29.43) 
III: 11.00 (22.48) 































Table 3.12. Comparison of predicted results for transverse elastic moduli of cortical bone at 
different scales with experimental data. Modeling results are listed for different approaches, 
indicated by I, II, III, IV, and both collagen moduli: 1.5 GPa and 5.4 GPa (inside parentheses). 
Tissue 
Transverse elastic modulus (GPa) 
Modeling results for 
different approaches 
and collagen moduli 
Experimental data 
Measurements Bone type Testing technique 
Osteonal 
lamella 
I: 14.38 (21.23) 
II: 16.89 (22.65) 
III: 6.27 (15.49) 








I: 13.33 (19.35) 
II: 15.59 (20.85) 
III: 6.09 (14.34) 
IV: 9.8 (16.31) 
NA NA NA 
Interstitial 
lamella 
I: 19.71 (26.71) 
II: 21.77 (27.73) 
III: 7.96 (17.57) 









I: 11.69 (16.9) 
II: 13.61 (18.15) 
III: 5.29 (12.40) 













* The reported number represents an average over the elastic moduli of osteonal lamellae and interstitial lamellae in 
the transverse direction [216]. 
 
Several simplifying assumptions and selections were made at different stages of modeling. 
Even the definition of scales in the way done here is not unique or fixed. The transition between 
different hierarchies from the nanoscale to macroscale is continuous rather than discrete in real 
bone. However, here, a limited number of length scales were considered. Also, not all 
researchers have consensus on the classification of scales. For example, Yoon and Cowin [60] 
defined an extra level, the mineralized collagen fiber level, between the nanoscale (mineralized 
collagen fibril) and the sub-microscale (single lamella). They proposed that crystals grow on the 
outside of collagen fibrils in all directions around the fibril and surround groups of collagen 
fibrils [60]. A group of collagen fibrils embedded within the mineral crystals forms the next 
hierarchical structural unit called the mineralized collagen fiber. Also, for simplicity, it was 
assumed that there exists a separation of scales and a representative volume element at each 
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scale, assuming that the features at previous scale are much smaller than those at the next scale. 
This is not strictly correct in bone because the features at previous scale are not necessarily 
infinitesimal relative to a larger scale. 
Another challenging issue is the selection of the mechanical properties and volume fractions 
of bone’s constituents. As shown in Table 2.1, there is a wide range of values in literature for the 
elastic moduli of collagen and mineral crystals, while no data is available for the mechanical 
properties of non-collagenous proteins. Different choices for such properties may result in very 
different results. Also, experimental measurements of collagen elastic modulus are highly 
dependent on the dehydration state of the specimen, whether it is wet or dehydrated. A 
significant increase in collagen elastic modulus upon dehydration, was confirmed by many 
researchers [164, 165, 168, 172]. Our model started with the presence of dried collagen and then 
water was added to the model to obtain the elastic properties of wet collagen. However, our 
model could not capture a considerable drop in the elastic properties of wet collagen compared to 
that of dried collagen. To assess the effect of collagen properties on the overall properties of 
cortical bone, both low and high values of elastic modulus (1.5 GPa versus 5.4 GPa) were 
considered for dry collagen. The results show that an increase in the Young’s modulus of 
collagen by 260% lead to a 16.3%, 13.98%, 104.4%, and 68.7% increase in the longitudinal 
elastic modulus of cortical bone, respectively, for approaches I, II, III, and IV. The increase in 
the transverse elastic modulus of cortical bone for the mentioned approaches was 41.3%, 
33.36%, 134.4%, and 66.16%, respectively.  
Different modeling approaches (approaches I to IV) were proposed. The results, given in 
Table 3.11 and 3.12, suggest that the assumption of interpenetration for collagen and HA at 
nanoscale (in approaches I and II) gives rise to higher Young’s moduli for cortical bone at the 
micro- and mesoscales compared to the matrix-inclusion assumption (in approaches III and IV). 
When the SC method is employed to obtain the effective elastic properties of mineralized 
collagen fibrils, the elastic properties of stiff HA are more dominant than the properties of soft 
collagen, considering the fact that their volume fractions are almost equal. However, the 
contribution of collagen properties to the bone’s overall elastic properties is more pronounced 
when the MT method is used instead of the SC scheme. Such a trend can be verified by the 
results obtained for different values of collagen Young’s modulus: increasing collagen Young’s 
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modulus from 1.5 GPa to 5.4 GPa increases both the longitudinal and transverse elastic moduli 
of cortical bone more significantly in approaches III and IV compared to approaches I and II. 
Furthermore, the actual bone geometries and microstructures underwent some 
simplifications throughout the modeling.  At nanoscale, collagen cross-linking was not modeled 
explicitly. Also, perfect bonding was assumed between collagen and HA, and the presence of an 
interphase layer in between them was ignored. Non-uniform distribution of HA crystals was also 
neglected in the model. At sub-microscale, fibrils were aligned uni-directionally in the model, 
while in bone they are misaligned, but oriented in a preferential direction. Furthermore, several 
models have been proposed in the literature to describe the 3D crystal-collagen interaction in the 
neighboring fibrils. The most widely used model assumes that the parallel layering of plate-like 
HA in one collagen fibril is aligned with the crystal layers in neighboring fibrils [22, 28, 217], as 
shown schematically in Figure 3.4 [28]. However, some TEM images suggest that crystals 
exhibit a random, undulated arrangement rather than an orderly alignment in neighboring 
mineralized collagen fibrils [218-220]. Figure 3.5 demonstrates schematically the crystal 
arrangement in the latter model [28]. Here, the first model was accepted, so that simpler 
micromechanics models not accounting for orientation effects could be employed. However, in 
reality it is less probable that mineralization takes place in such a way that all mineral crystals in 




Figure 3.4. Schematic illustration [28] of collagen fibrils in (a) cross section and (b) longitudinal 
section in the model assuming uni-directional mineral crystals within neighboring fibrils. The 




Figure 3.5. Schematic illustration [28] of collagen fibrils in (a) cross section and (b) longitudinal 
section in the model assuming rotated mineral crystals within neighboring fibrils. The white 
platelets within the fibrils denote mineral crystals.  
 
Another issue to be considered is the fibril orientation in different lamellae at the microscale. 
Here, the twisted plywood pattern was employed, whereas other patterns, like orthogonal 
plywood motif, were also observed in bone. The orthogonal plywood model consists of collagen 
fibrils which are parallel in a given plane but, unlike the twisted plywood fibrils, do not rotate 
continuously from plane to plane.  Instead, the fibrils can only take on one of two directions 
which are out of phase 90
o
 with each other. Figure 3.6 shows TEM images of both orthogonal 
and twisted plywood structures [221]. The orthogonal and twisted plywood models predict 
different elastic symmetries for the osteon and, consequently, the whole bone: orthogonal 
plywood has orthotropic elastic symmetry while the twisted plywood does not [222]. Even for 
the twisted plywood architecture of collagen fibrils, there might not be a fixed degree of rotation 
between each layer of the lamellae. For instance, Weiner et al. [223] found that in rat bone there 
is a bimodal peak at 30° and 70° in the collagen fibril arrays suggesting that the angle changes in 
increments of 30° from 0° to 120° and then back to 0° again. In other words, there is a 
discontinuity between lamellae at 120° and 0°. If the lamellae do not complete the turning of 
180°, an in-plane isotropic response could not be obtained and some anisotropy would be 
introduced into the model. Another phenomenon captured by experiments is that the DOM 
decreases from the interior part of the osteon to the middle part and then increases again until 
reaching the cement line [224]. Hence, DOM has a gradient instead of a constant value across the 
layers, while in the model, for simplicity, this effect was neglected. Besides that, the bone areas 
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corresponding to the lowest degree of mineralization is 50 to 60% less mineralized than the areas 
in which bone is fully mineralized [225]. Since the interstitial lamella has a higher DOM than the 
osteonal lamella, if the interstitial lamella is taken to be the fully mineralized region, the trough 
of DOM changes in osteon should be half of that of the interstitial lamella. Therefore, the DOM 











Figure 3.6. TEM micrographs [221] showing different fibril orientation patterns within 
neighboring lamellae: (a) orthogonal plywood motif; successive layers of alternating 
longitudinally (L) and transversely (T) sectioned fibrils are evident, and (b) twisted plywood 
motif; a successive transition of longitudinally (L), obliquely (O) and transversely sectioned (T) 
fibrils is apparent. 
 
All the uncertainties and open issues discussed above together with some other parameters 
completely ignored in this work, such as the presence of an interphase layer between the collagen 
and HA, and the effects of cement lines, canaliculi, and fluid flow, which would require the use 
of poroelasticity instead of elasticity, make the multiscale modeling of cortical bone a rich and 
challenging problem with much potential for future work. Also, the modeling process proposed 
here is specifically applicable to a healthy mature cortical bone. However, by changing the 
(a)                                                                        (b) 
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microstructures and input parameters of the model at different scales, it could be extended to 
capture the elastic behavior of cortical bone at different stages of age and disease. 
 
3.5. Conclusions 
Cortical bone was modeled as a hierarchical material and its effective elastic moduli were 
predicted. The analysis involved the bottom-up approach, starting with the nanostructural level 
(mineralized collagen fibril level) and moving up the scales to the sub-microstructural level 
(single lamella level), the microstructural level (single osteon and interstitial lamella level), and 
finally to the mesoscale level (cortical bone level). The selection of the scales was not unique. In 
the analysis, different models of micromechanics and laminated composite material theory were 
employed. The contribution of this work is in the multiscale modeling of bone from nano to 
mesoscale levels and in identifying the challenges involved in modeling bone at each structural 
scale. This work complements other existing studies in this area. 
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CHAPTER 4: MULTISCALE MODELING OF ELASTIC PROPERTIES OF 
TRABECULAR BONE 
Equation Section (Next) 
4.1. Introduction 
Trabecular bone is a porous bone filling the interior spaces of vertebrae and ends of long 
bones. It is built up by a network of rods and plates that make the tissue lighter and allow some 
space for vasculatures and bone marrow. Trabecular bone comprises 20% of total bone mass and 
has a porosity of 30-90% [182]. This tissue has ten times the surface area of cortical bone, but is 
less dense, lighter, softer, and less stiff. However, trabecular bone plays an important role in 
absorbing any shock or sudden pressure that bone may experience. Like cortical bone, trabecular 
bone has a hierarchical structure ranging from a mineralized collagen fibril level to bone level, as 
shown in Figures 4.1 and 4.2 and described in details in section 2.2. 
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TEM, showing mineralized collagen fibrils, (b) sub-microscale (x1000) showing single lamella, 
(c) microscale (x700) showing a trabecular strut, and (d) mesoscale (x20) showing a porous 
cellular structure of trabecular bone, using SEM. 
 
The elastic behavior of trabecular bone were studied using various analytical and 
computational models. At nanoscale, bone was mainly modeled by using continuum mechanics 
approaches and was represented as a composite material with collagen matrix and reinforcing 
HA inclusions [77, 91, 183]. More recent studies incorporated the effect of water and NCPs [51, 
60, 92]. Computational models, using a finite element method, included [95, 97, 181]. At sub-
microscale, a single lamella was modeled computationally as a random network of preferentially 
oriented mineralized collagen fibrils [107], and analytically as a matrix-inclusion composite [60, 
92, 93]. At microscale, trabecular bone tissue properties were mainly studied experimentally 
using microtensile test [112, 113, 116], bending test [115, 226], ultrasound [116-118], and 
nanoindentation [118-121, 138, 141]. Rice et al. [122] obtained experimentally Young’s modulus 
of trabecular bone and used that data together with Christensen’s model [123] for low density 
materials to back-calculate bone’s tissue properties. Similarly, van Rietbergen et al. used a three-
dimensional FEM model along with experimental data for apparent modulus to back-calculate 
lower and upper bounds for trabecular bone tissue modulus [124]. At mesoscale, elastic behavior 
of trabecular bone was studied using several different approaches involving analytical and 
computational techniques. Analytical studies represented trabecular bone as a cellular solid and 
expressed its Young’s modulus by power law relations in terms of density [126-128, 132, 227, 
228]. Density is a key parameter in determining properties of trabecular bone. However, it 
cannot fully describe bone’s structural features and mechanical behavior. Other researchers 
defined a fabric tensor to characterize the textural or structural anisotropy of trabecular bone, and 
predicted the elastic constants of trabecular bone as a function of its fabric tensor and density 
[133-135]. Moreover, the mechanical response of trabecular bone depends significantly on its 
architecture, featured by thickness, number, and separation of individual trabeculae, and their 
connectivity. Thus, computational models of trabecular bone’s actual geometry obtained by 
high-resolution imaging techniques, such as CT, were extensively used to predict elastic moduli 
of trabecular bone [137, 139-141, 144, 145, 229]. Computational studies involving idealized 
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periodic geometry included [146-149, 230, 231]. More detailed literature review on modeling of 
cortical bone is given in Section 2.3. 
In this section, a multiscale analytical and computational approach is introduced to predict 
the elastic moduli of trabecular bone at different hierarchical levels. At the mesoscale, the actual 
bone geometry is modeled by using CT-based FEM analysis of a trabecular bone sample. 
Results are compared with our own experimental data at mesoscale and other experimental 
results reported in literature.  
 
4.2. Experimental Methods 
4.2.1. Specimen Preparation 
Bone tissue was obtained from the Emory Body Donor Program (Emory University, Atlanta, 
GA). Samples were extracted from proximal tibia (near knee joint) of an 88 year old male. The 
donor expired from a myocardial infarction and was otherwise a relatively healthy individual 
with no discernible signs of bone disease. The top portion, approximately 10 cm, of tibia was 
obtained. The head of tibia was cut off, about 3 cm from the top, exposing its greatest cross 
section. Four samples were then cored out using a trephine 8 mm in diameter. The cylindrical 
samples were taken such that their axis of symmetry was along tibia’s long axis. These samples 
were next cut to a 1:1 aspect ratio using a metal mold and an irrigated saw. Afterwards, the 
samples were put in saline moistened gauze wraps and stored at -20
o
C. Samples were thawed in 
saline for 3 hours before imaging and testing. One bone sample was used for CT imaging, 
while all four samples were used for mechanical testing. 
 
4.2.2. Micro-Computed Tomography (CT) Imaging 
A trabecular bone sample was imaged at the Georgia Institute of Technology Orthopaedic 
Bioengineering Laboratory (Atlanta, GA) utilizing a SCANCO Medical Products (Basserdorf, 
Switzerland), MicroCT 40 unit. The cylindrical sample (8 mm in length and diameter) was 
scanned with a 37 micron resolution and a 20 micron voxel size. A total of 173 two-dimensional 
slices were taken of the sample. Contours were drawn around the filled voxels to determine an 
outer boundary of the sample and reconstructed into a 3D image. A CT image captures the 
actual trabecular bone architecture from which 3D connectivity, trabecular thickness, trabecular 
number, and trabecular spacing can be obtained. The CT imaging process discretizes a sample 
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into cubic elements called voxels. Thresholding distinguishes bone voxels from pore voxels. 
Threshold value was selected by choosing a middle point between the peak corresponding to 
trabecular bone and the peak corresponding to pores in the image spectrum, following [232, 
233]. Bone volume (BV) and total volume (TV) of sample are calculated, respectively, from the 
number of voxels assigned to bone and the total number of voxels, and, then, volume fraction 
(VF) of sample can be determined as BV/TV. 
 
4.2.3. Compression Test 
Uniaxial compression test was used to obtain apparent Young’s moduli of trabecular bone 
samples. The term “apparent” is used because sample size is smaller than a representative 
volume element (RVE) [234]. Four cylindrical trabecular bone samples were placed between 
polished steel plates at room temperature and loaded in the direction of their axis of symmetry. 
Specimens were not constrained at the platen from an in-plane motion. Instron Mini-Bionix 
testing machine with a 1000 N load cell was used to apply a compressive strain rate of 0.01per 
second. The applied strain rate was within the range of strain rates that occur in vivo, which are 
between 0.01and 0.08  per second [235]. After obtaining the stress-strain curves of trabecular 
bone samples, their Young’s moduli were calculated by fitting a linear regression through the 
initial linear part of the curves. 
 
4.3. Multiscale Modeling of Elastic Properties of Trabecular Bone 
The multiscale modeling approach consists of successive homogenization steps. Elastic 
properties of trabecular bone are calculated at each structural level, from nanoscale to mesoscale, 
as shown in Figure 4.1. In the analysis, results from a lower level are used as inputs for a higher 
level. Continuum micromechanics approaches, laminated composite materials theory, and finite 
element methods are used to account for structures of bone at these different scales. Figure 4.3 
summarizes all the steps taken in the modeling of trabecular bone and shows how they are linked 







Figure 4.3. A schematic showing all the successive steps taken in the modeling of trabecular 
bone: (a) basic constituents of bone, (b) a collagen-water composite formed by cross-linked 
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collagen matrix containing some pores filled with water and NCPs, (c) a mineralized collagen 
fibril made up from collagen-water and interfibrillar HA crystals, (d) an extrafibrillar HA foam 
made up from HA minerals and some pores in-between them hosting water and NCPs, (e) a 
coated fibril formed through the interaction of mineralized collagen fibrils and extrafibrillar HA 
foam, (f) a single lamella built up from the coated fibrils matrix perforated by lacunar cavities, 
(g) several lamellae with different fibril orientation stacked together to form a single trabecula, 
and (h) a trabecular bone as a porous network of trabeculae. 
 
4.3.1. Nanoscale 
At nanoscale, the structure and composition of trabecular bone is similar to those of cortical 
bone. Therefore, the modeling techniques for capturing the elastic behavior of a mineralized 
collagen fibril in trabecular bone follow the same modeling procedure discussed in Section 3.2.1 
for cortical bone.  
 
4.3.2. Sub-Microscale 
Again, cortical bone and trabecular bone have similar microstructures and composition at 
the sub-microscale. Hence, the modeling procedure for predicting elastic properties of a single 
lamella in trabecular bone is similar to the steps proposed in Section 3.2.2 for cortical bone. 
 
4.3.3. Microscale 
Elastic properties of a single trabecula are obtained by following the homogenization 
scheme of Sun and Li [194] developed using laminated composite materials theory (LCMT). In 
their model, a thick laminate was composed of several laminas with different fiber orientations. 
In our problem, a single trabecula plays the role of a thick laminate and it consists of k lamellae, 
each having a preferential collagen fibril orientation. In trabecular bone, the lamellae are 
arranged into orthogonal, rotated, and twisted motifs [221, 236], similarly as in cortical bone. 
Since not enough information is available on the actual arrangement of lamellae in each 
trabecula, for simplicity, it is assumed that the lamellae are oriented randomly, spanning whole 
set of directions, which gives rise to an isotropic response. In reality, trabeculae may be 
anisotropic and their properties may change from one trabecula to another.  
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Vectors V1, V2, and V3 are used to define a preferential orientation of the k
th
 lamella. The 
vector V1 is obtained through the following equations 
( )
( )
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where R is a random number, with values 0 ≤ R ≤ 1, generating a randomly-oriented pattern of 
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A transformation matrix, Rij, is used to account for different fibril orientations in each lamella 
[195] 
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where mi , ni, and pi are direction cosines of axis i (i = 1, 2, 3), that is 
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where C is the stiffness tensor of a single lamella in the local coordinate system obtained in the 
previous scale. These k lamellae are then stacked together, according to Sun and Li’s formulation 
[194], to build a single strut. A nearly isotropic response is obtained using a large number of 
randomly oriented lamellae.  
 
4.3.4. Mesoscale 
heCT-based FEM is used to study the elastic behavior of trabecular bone at the 
mesoscale. To create FEM model from the digitized geometry, first the surfaces are exported 
from CT data into a file (.stl format) consisting of nodes and 2D tetrahedral surfaces. These 2D 
surface elements are then meshed into 3D tetrahedral elements using HyperMesh 6.0 (Altair 
Engineering, Inc). The CT data is originally in the form of voxels giving rise to pixellated 
edges in the structure. However, after meshing with tetrahedral elements, the edges and 
boundaries become smooth. HyperMesh uses two types of smoothing algorithms (which are 
specially designed to smooth jagged edges of structures created from topology optimization): a 
modified Laplacian over-relaxation algorithm for size-correcting smoothing and a modified 
isoparametric-centroidal over-relaxation algorithm for shape-correcting smoothing. The FEM 
mesh, illustrated in Figure 4.4a, is made of 6,063,971 elements and 1,558,400 nodes. After 
meshing, the quality of elements is checked, and for the elements that fail the quality criteria, 
node locations or element edges are swapped to improve quality. Detailed section of the 
tetrahedral mesh is shown in Figure 4.4b. 
After the mesh is constructed, linear elastic FEM analysis is conducted using OptiStruct 11.0 
(Altair Engineering, Inc) to compute the apparent Young’s modulus of trabecular bone in the 
direction of loading. The bone tissue is assumed to be linear elastic and isotropic with properties 
obtained in Section 4.3.3. Boundary conditions for FEM model idealize those of a uniaxial 
compression test: a uniaxial displacement (uniform strain) is applied to the top surface of the 
cylindrical bone sample, the bottom surface is kept fixed, while the sides are taken to be traction 
free. Rough surfaces at top and bottom of cylindrical sample are trimmed to obtain straight 
surfaces to facilitate the application of displacement boundary conditions. 
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                      (a)                                                                         (b)  
Figure 4.4. (a) Side view of the entire meshed trabecular specimen, and (b) a detailed view of the 
finite element mesh composed of tetrahedral elements. 
 
An energy approach is used to calculate the apparent Young’s modulus of the bone sample, 
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where W is a total elastic strain energy of the system and V is its volume.   and  are, 
respectively, average stress and strain in the direction of loading, which are related to each other 
through equation boneE  . According to the average strain theorem, volume average of strain 
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Alternatively, one could use a direct method, instead of the energy approach, to obtain the 




For comparison, the analytical model proposed by Gibson [128] to predict the Young’s 
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where tissueE  is Young’s modulus of bone tissue, in other words a single trabecular strut, as 
obtained in the previous level, bone  and tissue  are, respectively, the density of trabecular bone 
and the density of solid bone (struts), and B is a constant of proportionality. Gibson [128] 
developed two types of structures for trabecular bone: a network of rod-like elements at low 
relative densities (smaller than 0.2) and a network of plate-like elements at higher relative 
densities (greater than 0.2). The first structure forms an open cell, while the later one forms a 
closed cell. n was determined to be equal to 2 for an open cell and 3 for a closed cell [128]. The 
relative density, bone tissue  , is equal to bone volume fraction determined by CT.  
Also, the effective Young’s modulus of trabecular bone, Ebone, is evaluated by using 
Christensen’s result [123] for isotropic low density materials (LDM), which is given as  
2(7 5 )
,
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where tissue  is Poisson’s ratio of a single trabecular strut, obtained in Section 4.3.3, and bone  is 
volume fraction of bone material, which is the same as VF parameter obtained by CT.  
Finally, as an alternative approach, the MT method is used with trabecular struts being a 
matrix and trabecular pores being inclusions. The effective stiffness tensor of trabecular bone, 
Cbone, is then found as  
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                           (4.10) 
where subscripts “tissue” and “pore” denote, respectively, trabecular bone solid tissue and pores. 
Tissue properties, Ctissue, are taken from Section 4.3.3 and the pores are assumed to be spherical 
with volume fraction as obtained from CT imaging. 
 
4.3.5. Summary of Modeling Approaches 
In Section 3.2.1.2 two different methods were introduced to model collagen-HA 
interactions: one using SC scheme for modeling interpenetrating phases and the other using MT 
method based on matrix-inclusion geometry. Similarly, two modeling methods were discussed in 
Section 3.2.2.1 accounting for different types of interactions between fibrils and extrafibrillar 
HA foam. These, altogether, give rise to four sets of approaches to model trabecular bone at 
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nanoscale and sub-microscale and, subsequently, at higher scales. Such approaches, called as 
approaches I, II, III, and IV, are summarized in Table 4.1.  
 
Table 4.1. Different modeling approaches and methods applied at each scale for modeling the 
elastic properties of trabecular bone (SC: self-consistent method, MT: Mori-Tanaka method, 
LCMT: laminated composite materials theory, and CT-based FEM: micro-computed 
tomography based finite element method). 
Hierarchical level 
Modeling approaches and methods 





























Microscale LCMT   LCMT LCMT LCMT 





A trabecular bone specimen was imaged using CT to provide an input for FEM analysis. 
Bone volume fraction was determined to be approximately 8.1%. Other material characteristics 
obtained from μCT image analysis are listed in Table 4.2. 
      































364.939 29.526 8.09 1.833 2.496 1.250 0.127 0.785 
(a)
 Three-dimensional connectivity 
(b)
 Structural model index 
(c)
 Trabecular number 
(d)
 Trabecular thickness 
(e)
 Trabecular separation 
 77 
Compression test was used to obtain stress-strain curves of four trabecular bone samples 
and, then, their Young’s moduli were calculated. Results are tabulated in Table 4.3. The first 
sample was digitized and used to create the CT-based FEM model. 
 












* Sample used to create µCT-based FEM model 
 
4.4.2. Modeling  
The mechanical properties and volume fractions of trabecular bone constituents, including 
collagen, HA, water, and NCPs, employed as the inputs for the modeling are listed in Table 4.4. 
 
Table 4.4. Properties of bone’s constituents employed in the modeling of trabecular bone. 
 
Material 









0.28  41 
Hydroxyapatite 114  0.23  42 
Non-collagenous proteins 1  0.45  4 






Water 2.3  0.49 13 
 
4.4.2.1. Nanoscale  
75% of total HA crystals were assumed to be interfibrillar and the remaining crystals (25%) 
formed an extrafibrillar HA foam. Cylindrical collagen molecules as well as ellipsoidal mineral 
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crystals are aligned along the axis 1 of the Cartesian coordinate system. Effective stiffness tensor 
of a mineralized collagen fibril, obtained using approaches I-IV for both values of collagen 
modulus, are listed in Tables 4.5-4.8. 
 
4.4.2.2. Sub-Microscale  
Cylindrical mineralized collagen fibrils are combined with extrafibrillar HA foam to form 
coated fibrils. Again, four different approaches are used to find effective elastic constants of 
coated fibrils and the results are tabulated in Tables 4.5-4.8 for both values of collagen Young’s 
modulus. Also, Tables 4.5-4.8 list components of stiffness tensor of a single lamella for different 
modeling approaches I-IV. The results corresponding to collagen Young’s modulus of 1.5 GPa 
and 5.4 GPa are listed, respectively, outside and inside parentheses. 
 
4.4.2.3. Microscale 
A large number of lamellae are randomly oriented to form a single trabecula. Isotropic 
elastic stiffness components of a single strut (trabecula) are found for such lamellar arrangement, 
following the modeling procedure mentioned in Section 4.3.3, and are tabulated in Tables 4.5-4.8 
for different modeling approaches and two different values of collagen Young’s modulus.  
  
4.4.2.4. Mesoscale 
The μCT-based finite element model is used to determine the apparent Young’s modulus of 
trabecular bone by using as inputs the material properties obtained at the previous level and the 
mesostructural geometry obtained from CT images. Computed elastic constants of trabecular 
bone are given in Tables 4.5-4.8 for different modeling approaches and collagen Young’s 
moduli. Figures 4.5 and 4.6 illustrate, respectively, FEM results for a displacement magnitude, 
2 2 2
x y zu u u u   , and a displacement component in the direction of loading, zu . The 
displacement magnitude, which captures both axial and lateral displacement components, tends 
to increase spatially toward the center of cylinder and goes to zero at the fixed bottom edge. The 
axial displacement is non-uniform, as seen in Figure 4.6, which means that the bone structure 
behaves like a loose collection of weakly connected pieces of bone. Also, Figure 4.7 shows an 
elastic strain energy density distribution. In this figure, localized hot spots indicate bending as 
opposed to uniform tension/compression. Furthermore, majority of elastic strain energy is 
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concentrated at thin strut connections. These imply that bending is a primary deformation mode 
for low density trabecular bone and show that trabecular connectivity has a large effect on elastic 
properties of trabecular bone [150, 237-239].  
 
Table 4.5. Non-vanishing elastic stiffness components of trabecular bone at different structural 
levels for the collagen Young’s moduli of 1.5 GPa and 5.4 GPa, which are shown, respectively, 












C11 33.05 (36.93) 37.26 (41.23) 35.98 (39.81) 18.88 (26.46) 0.357 (0.485) 
C12 4.75 (7.16) 5.78 (8.33) 5.61 (8.06) 3.09 (5.63) 0.153 (0.208) 
C13 2.13 (4.48) 2.82 (5.46) 2.83 (5.31) 3.09 (5.63) 0.153 (0.208) 
C22 15.27 (23.22) 18.63 (27.21) 17.8 (25.96) 18.88 (26.46) 0.357 (0.485) 
C23 2.24 (4.68) 2.91 (5.67) 2.94 (5.57) 3.09 (5.63) 0.153 (0.208) 
C33 4.31 (11.31) 6.15 (14.38) 5.95 (13.50) 18.88 (26.46) 0.357 (0.485) 
C44 5.00 (7.82) 6.73 (9.77) 6.43 (9.33) 7.9 (10.42) 0.102 (0.139) 
C55 7.04 (9.13) 8.92 (11.12) 8.55 (10.65) 7.9 (10.42) 0.102 (0.139) 
C66 12.47 (13.80) 14.32 (15.63) 13.79 (15.06) 7.9 (10.42) 0.102 (0.139) 
 
 
Table 4.6. Non-vanishing elastic stiffness components of trabecular bone at different structural 
levels for the collagen Young’s moduli of 1.5 GPa and 5.4 GPa, which are shown, respectively, 












C11 33.05 (36.93) 39.55 (43.12) 38.19 (41.63) 21.38 (27.89) 0.4 (0.509) 
C12 4.75  (7.16) 6.2 (8.59) 6.03 (8.31) 3.79 (6.05) 0.171 (0.218) 
C13 2.13 (4.48) 3.56 (5.92) 3.54 (5.73) 3.79 (6.05) 0.171 (0.218) 
C22 15.27 (23.22) 20.16 (28.09) 19.27 (26.8) 21.38 (27.89) 0.4 (0.509) 
C23 2.24 (4.68) 3.73 (6.18) 3.72 (6.04) 3.79 (6.05) 0.171 (0.218) 
C33 4.31 (11.31) 9.04 (16.17) 8.63 (15.12) 21.38 (27.89) 0.4 (0.509) 
C44 5.00 (7.82) 7.63 (10.26) 7.29 (9.8) 8.79 (10.92) 0.115 (0.146) 
C55 7.04 (9.13) 9.74 (11.65) 9.33 (11.16) 8.79 (10.92) 0.115 (0.146) 
C66 12.47 (13.80) 14.69 (15.90) 14.15 (15.32) 8.79 (10.92) 0.115 (0.146) 
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Table 4.7. Non-vanishing elastic stiffness components of trabecular bone at different structural 
levels for the collagen Young’s moduli of 1.5 GPa and 5.4 GPa, which are shown, respectively, 












C11 12.33 (26.47) 15.17 (30.59) 14.69 (29.55) 8.75 (20.03) 0.155 (0.354) 
C12 2.29 (5.66) 2.95 (6.72) 2.92 (6.53) 2.23 (5.21) 0.066 (0.152) 
C13 1.53 (3.84) 1.92 (4.73) 1.91 (4.51) 2.23 (5.21) 0.066 (0.152) 
C22 7.35 (19.15) 9.29 (22.71) 8.92 (21.64) 8.75 (20.03) 0.155 (0.354) 
C23 1.56 (3.98) 1.94 (4.77) 1.93 (4.71) 2.23 (5.21) 0.066 (0.152) 
C33 3.19 (9.48) 4.25 (11.97) 4.16 (11.27) 8.75 (20.03) 0.155 (0.354) 
C44 1.29 (4.09) 2.23 (5.8) 2.14 (5.55) 3.26 (7.41) 0.045 (0.101) 
C55 1.28 (4.07) 2.31 (5.84) 2.22 (5.62) 3.26 (7.41) 0.045 (0.101) 
C66 5.18 (10.76) 6.76 (12.65) 6.50 (12.18) 3.26 (7.41) 0.045 (0.101) 
 
Table 4.8. Non-vanishing elastic stiffness components of trabecular bone at different structural 
levels for the collagen Young’s moduli of 1.5 GPa and 5.4 GPa, which are shown, respectively, 












C11 12.33 (26.47) 21.02 (33.78) 20.34 (32.62) 12.92 (22.27) 0.232 (0.393) 
C12 2.29 (5.66) 3.78 (7.14) 3.73 (6.93) 3.11 (5.76) 0.099 (0.168) 
C13 1.53 (3.84) 2.99 (5.29) 2.97 (5.12) 3.11 (5.76) 0.099 (0.168) 
C22 7.35 (19.15) 12.15 (24.05) 11.67 (22.93) 12.92 (22.27) 0.232 (0.393) 
C23 1.56 (3.98) 3.05 (5.48) 3.05 (5.37) 3.11 (5.76) 0.099 (0.168) 
C33 3.19 (9.48) 7.89 (14.31) 7.53 (13.38) 12.92 (22.27) 0.232 (0.393) 
C44 1.29 (4.09) 4.13 (6.77) 3.95 (6.48) 4.91 (8.26) 0.067 (0.113) 
C55 1.28 (4.07) 4.43 (7.00) 4.25 (6.71) 4.91 (8.26) 0.067 (0.113) 
C66 5.18 (10.76) 8.03 (13.14) 7.73 (12.65) 4.91 (8.26) 0.067 (0.113) 
 
Moreover, to understand how the trabecular bone architecture affects its elastic behavior at 
mesoscale, the results of the µCT-based FEM model are compared with some simpler models 
such as the Gibson model, the Christensen’s LDM method, and the MT scheme. The results are 
listed in Table 4.9 for different modeling approaches I to IV and both values of collagen Young’s 
modulus. LDM and MT methods predict higher values compared to the FEM and Gibson 
models. The reason is that the former models assume that the trabecular struts deform axially, 
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while, as discussed above, bending is the main deformation for thin trabecular struts. Gibson’s 
formulation is based on the assumption that the trabecular wall deforms initially in bending 
[128]. Therefore, its prediction is closer to the FEM results. 
 
Table 4.9. Comparison between the Young’s modulus of trabecular bone at mesoscale obtained 
using different modeling methods. Collagen Young’s modulus is 1.5 GPa for the numbers shown 
outside parentheses while 5.4 for the numbers given inside parentheses. 
Modeling Method 
 











µCT-based FEM 0.265 (0.358) 0.297 (0.381) 0.115 (0.263) 0.172 (0.292) 
 
Gibson model [128] 0.115 (0.157) 0.13 (0.165) 0.05 (0.114) 0.075 (0.127) 
 
LDM [123] 0.725 (0.982) 0.808 (1.03) 0.314 (0.715) 0.469 (0.796) 
 



























































Figure 4.6. Displacement contours in the direction of compressive loading, z direction, obtained 













































Four distinct hierarchical levels were defined in trabecular bone, namely the mineralized 
collagen fibril, single lamella, single trabecula, and trabecular bone levels, and several 
micromechanics methods, composite materials laminate theory, and finite element method were 
used to obtain the elastic constants of trabecular bone at these different structural scales. 
Alternate methods could be used at each scale. 
Table 4.10 lists Young’s modulus of a single trabecula obtained by using our different 
modeling approaches and compares the results with those obtained by experiments. As 
mentioned before, different experimental techniques were used to measure the mechanical 
properties of individual trabeculae including the microtensile test [112, 113, 116], bending test 
[115, 226], ultrasound [116-118], and nanoindentation [118-120, 138, 141, 240]. Because of the 
complex geometry of a single trabecula, which has a curved shape and a varying cross-section, 
machining bone samples for tensile and bending tests may cause significant surface defects 
[228]. Furthermore, the deformations are typically so small that any artifactual displacement, 
such as slipping at loading points, results in an underestimation of the measured value [228]. 
Therefore, the results of microtensile and bending tests of trabecular struts are lower than the true 
values [228]. That is the reason why the experimental data for a single trabecula listed in Table 
4.10 excludes the tensile and bending results, while includes the more reliable results of 
ultrasound and nanoindentation techniques. Note that most of the nanoindentation data on 
trabecular bone reported in literature is obtained using embedded samples in dry condition. Our 
analytical results for Young’s modulus of a single strut are in a good agreement with 
experimental data. Gibson et al. [228] discussed different methods for measuring Young’s 
modulus of wet human trabeculae in the longitudinal direction and concluded that 18 GPa is the 
best estimation for Young’s modulus of solid trabeculae, which is the same as our modeling 
prediction for approach I and collagen Young’s modulus of 1.5 GPa. 
Also, the second part of Table 4.10 compares the results of our µCT-based FEM analysis for 
different modeling approaches with experimental data. Since trabecular bone volume fraction 
significantly affects its Young’s modulus, the values of bone volume fraction for experimental 
data are also included. The experimental data clearly shows an increase in bone modulus with 
bone volume fraction. Our experimental results compare well with the experimental values 
reported in literature for trabecular bone of comparable porosity [241]. However, both the 
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modeling and experimental results for Young’s modulus of trabecular bone obtained in the 
current study are on the lower side of values reported in literature. This might be due to the fact 
that the specific bone samples used to create FEM model and to do compression testing were 
from an old (88 year old) donor and, consequently, were very porous. Another reason for low 
results of our experimental data may be the systematic errors in the platen compression test of 
trabecular bone, which occur due to end-artifacts [242]. Such errors lead to an underestimation of 
compressive Young’s modulus of trabecular bone [242]. Also, the comparison between our 
modeling results and experimental data is performed at micro and mesoscales but not at nano and 
sub-microscales, due to lack of experimental data at lower scales. 
 
Table 4.10. Comparison of modeling results for Young’s modulus of trabecular bone with 
experimental data. Modeling results are listed for different approaches, indicated by I, II, III, IV, 
and both values of collagen elastic modulus: 1.5 GPa and 5.4 GPa (inside parentheses). 
 Tissue 
Young’s modulus (GPa) 
 
 Modeling results for 
 different approaches 
 and collagen moduli 
 
Experimental data 




 I: 18.01 (24.48) 
 II: 20.24 (25.73) 
 III: 7.84 ( 17.88) 
 IV: 11.71 (19.90) 
 11.4±5.6 [121] 
 12.8±1.2 [243]  
 14.8±1.4 [116]  
 17.5±1.12 [118] 
 18.0±2.8 [244] 
 18.14±1.7 [118] 
 19.9±2.5 [117] 
 Human femur (wet) 
 Rat vertebra (dry) 
 Human tibia (wet) 
 Human femur (wet) 
 Human femur 
 Human femur (dry) 
 Canine femur (wet) 
 Nanoindentation 
 Nanoindentation 







  bone 
 I: 0.265 (0.358) 
 II: 0.297 (0.381) 
 III: 0.116 (0.263) 
 IV: 0.172 (0.292) 
 0.027 [ours] 
 0.075±0.032 [241] 
 0.145-0.559  [134] 
 0.344±0.148 [245] 
 0.374±0.202 [246] 
 0.431±0.217 [247] 
 0.613±0.319 [248] 
 Human tibia (VF*: 8%) 
 Human vertebra (VF: 7.5%±2.3%) 
 Human tibia (VF: 8.1%)** 
 Human vertebra (VF: 10%±2.8%)** 
 Human mandible (VF: 17.3%±3.4%) 
 Human mandible (VF: 16.4%±3.1%) 
 Human tibia (VF: 18.4%±5.0%) 
 Compression testing 
 Compression testing 
 Ultrasound 
 Compression testing 
 Compression testing 
 Compression testing 
 Compression testing 
* VF: bone volume fraction 
** Bone apparent density was reported in these papers. The value of bone volume fraction was calculated by using 




Different modeling approaches (approaches I to IV) were considered. The results, given in 
Table 4.10, suggest that when matrix-inclusion geometry is assumed for bone’s constituents as 
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opposed to interpenetrating geometry, collagen properties contribute more to bone’s overall 
elastic behavior. This proposition can be verified by the results obtained for different values of 
collagen Young’s modulus: increasing collagen modulus from 1.5 GPa to 5.4 GPa increases 
Young’s modulus of single trabecula, and accordingly of trabecular bone, more significantly in 
approaches III and IV (by 128% and 70%, respectively) than approaches I and II (by 40% and 
27%, respectively). 
Challenges and issues in creating FEM model might give rise to some errors in estimating 
Young’s modulus of trabecular bone. The first challenge is how to set a threshold value for µCT 
images to accurately capture bone architecture and porosity. Different gray levels in the scan 
represent fully filled, partially filled, or empty voxels. Thresholding determines if a partially 
filled voxel is considered as bone or void. This might cause some errors in calculating a bone 
volume fraction which could be carried over into a finite element model. Moreover, since side 
surfaces of cylindrical sample were rough, the volume of cylinder was approximated, which 
could cause inaccuracy in predicting bone’s apparent Young’s modulus by using Equation (4.7). 
Also, at ends, displacement boundary conditions were applied for simplicity. However, more 
realistic boundary conditions should include friction. All the elements used in FEM model were 
selected to be linear tetrahedral elements, for simplicity. Trabecular struts have evident bending 
behavior giving rise to linear stresses, while tetrahedral elements are constant stress elements. 
However, a very fine mesh was used consisting of the largest number of elements manageable 
with our computer power that could minimize a possible error caused by the use of tetrahedral 
elements. A mesh convergence study was done in a previous work on modeling of trabecular 
bone as an idealized 3D periodic cellular network [148]. The result showed that using 5 linear 
elements per width of struts improved the results by 13.17% compared to the case of using 2 
linear elements per width of struts. Finally, the resolution of our CT image was selected to be 
37 µm, based on sample dimensions, degree of X-ray penetration, and limitations of the 
equipment used for imaging. Finer resolution would certainly capture better the trabecular bone 
architecture and lead to more accurate FEM predictions. 
Several simplifying assumptions and selections were made at different stages of modeling. 
First of all, the classification of scales in the way done here is not unique since the transitions 
between different hierarchies from nanoscale to macroscale in real bone are continuous rather 
than discrete. Our model took into account only four length scales while other choices could be 
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made. Also, for simplicity, it was assumed that an RVE exists at nano, sub-micro, and 
microscales and that the features at the previous scale are much smaller than those at the next 
scale. In reality, bone features at previous scale are not necessarily infinitesimal relative to a 
larger scale. 
As mentioned before, an ambiguity exists in selecting elastic properties and volume 
fractions of collagen and HA from a wide range of values reported in literature [93], while little 
data is available for NCPs. Different choices may give rise to very different results. To illustrate 
this point, two different values for collagen Young’s modulus, 1.5 GPa and 5.4 GPa, were 
employed in the modeling.   
Furthermore, at first three scales, several simplifying assumptions were made on bone’s 
actual microstructures. At nanoscale, the effects of collagen cross-linking and collagen-HA 
interface were neglected in the mode. At sub-microscale, fibrils were aligned uni-directionally, 
while in bone they are misaligned yet preferentially oriented. Furthermore, It was assumed that 
extrafibrillar HA foam fully filled the spaces between mineralized collagen fibrils. However, the 
foam might not fill all empty spaces between the fibrils leaving some voids. Moreover, the 
parallel layering of HA crystals in one collagen fibril was assumed to be aligned with crystal 
layers in adjacent fibrils, while some TEM images suggest that crystals have a random 
arrangement rather than an orderly alignment in neighboring collagen fibrils [219, 220]. At 
microscale, bone tissue properties were assumed to be homogeneous and isotropic. Nevertheless, 
several studies showed that elastic properties of trabecular bone at this level are heterogeneous 
and change across thickness of a single trabecula (strut) [137, 141, 143, 249-251]. Harrison et al. 
[141] performed nanoindentation along the strut length and across the strut width of trabecular 
samples and concluded that Young’s modulus across all specimens varied from 3.14 GPa at strut 
exteriors to 19.75 GPa at strut centers. Such results verify the trend of gradual reduction in tissue 
modulus from center to surface of trabeculae, where older bone at strut interior is more 
mineralized compared to the newly formed bone at strut surface. Also, for simplicity, the 
assumption of isotropy was made for bone tissue properties at microscale, while some 
experimental data indicates anisotropy [252, 253]. 
Since the main focus of this study is on a multiscale modeling approach, for simplicity, a 
single realization of trabecular bone architecture was used in the analysis. Then, the obtained 
computational results were compared with the experimental data obtained using the same 
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specimen. This was motivated by the fact that properties of trabecular bone are dependent on its 
architecture. More comprehensive analyses, considering a number of realizations, could be done 
in future. Also, nanoindentation technique could be employed to measure local elastic properties 
of trabecular bone samples used in the experiment to verify our theoretical predictions at 
microscale. Chevalier et al. used such approach, a combination of theory (µCT-based FEM 
model) and experiments (nanoindentation technique and macroscopic mechanical testing) to 
characterize trabecular bone at tissue and bone levels [138]. 
All the uncertainties and open issues discussed above along with some other factors ignored 
in this work make the multiscale modeling of trabecular bone a challenging problem with much 
potential for future studies. Also, the modeling process discussed here is specifically applicable 
to a healthy mature trabecular bone. However, the proposed multiscale model can capture elastic 
behavior of aged or diseased trabecular bone by changing the input parameters and bone 
microstructures at different scales. Ideally, a comprehensive multiscale experimental 
characterization of bone should be performed to provide accurate inputs for modeling. 
 
4.6. Conclusions 
Trabecular bone was modeled as a hierarchical material and its effective elastic moduli were 
predicted. The analysis involved a multiscale approach, starting with nanoscale (mineralized 
fibril level) and moving up the scales to sub-microscale (single lamella level), microscale (single 
trabecula level), and finally mesoscale (trabecular bone level). The selection of scales is not 
unique and other choices could be made. At nanoscale and sub-microscale, two alternate 
approaches, one assuming interpenetrating phases and the other involving matrix-inclusion 
geometry, were employed. At mesoscale, µCT-based finite element model was used and its 
results were compared with those obtained using other analytical methods. Also, two different 
values of Young’s modulus of collagen were considered, due to a wide range of data available in 
literature. Good agreement was found between theoretical and experimental results. This 
research sets a framework for multiscale modeling of materials with hierarchical structures. 
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CHAPTER 5: MULTISCALE MODELING OF ELASTIC MODULI OF UNTREATED, 
DEMINERALIZED, AND DEPROTEINIZED CORTICAL AND TRABECULAR BONES 
Equation Section (Next) 
5.1. Introduction 
 As mentioned before, bone tissue is a natural composite material consisting of an organic 
phase, an inorganic phase (hydroxyapatite-like minerals), and water. In order to better 
understand the structure and mechanical properties of bone and its protein and mineral 
constituents, bone can be demineralized or deproteinized by aging in HCl or NaOCl solutions, 
respectively. Previous studies on the structure of cortical and trabecular bones [90, 189, 254] 
showed that after complete deproteinization and demineralization the bone samples maintained 
structural integrity, and the mineral and protein constituents showed surprisingly similar 
microstructures and retained features such as Haversian systems, lacunae, and canaliculi. 
Compression tests on untreated (UT), demineralized (DM), and deproteinized (DP) cortical [189] 
and trabecular [188] bones showed that the mechanical properties of DM and DP bone are much 
lower than those of UT bone. These results indicate that bone is an interpenetrating composite 
material whose properties are enhanced by the intertwining of the two phases: proteins and 
minerals.  
Several models were discussed in the previous chapters to capture the elastic behavior of UT 
cortical and trabecular bones. However, there are no models of DM and DP bones available in 
literature. In this study, the multiscale models of cortical and trabecular bones proposed, 
respectively, in Chapters 3 and 4 are applied to treated bones to predict their elastic moduli. The 
experimental observations on structure and composition of these three bone types serve as inputs 
for the theoretical model. The modeling results for elastic moduli of UT, DM, and DP cortical 
and trabecular bones at the mesoscale are compared with the experimental data obtained by 
compression testing of bone samples. To our knowledge, this is the first report on the 
development of the multiscale models that incorporate experimental observations of bone as an 
interpenetrating composite material composed of contiguous biopolymer and mineral phases.   
It should be mentioned that the demineralization and deproteinization process, SEM 
imaging, and compression testing of all bone samples were done by Professor Joanna 
McKittrick’s group at University of California, San Diego. 
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5.2. Materials and Experimental Methods 
5.2.1. Sample Preparation 
A single fresh bovine femur bone from an animal of unknown breed was obtained from a 
local butcher (La Jolla, CA). The slaughter age was about 18 months. Samples were cut from the 
mid-diaphysis region. The bone was thoroughly cleaned with water, and soft tissue was removed 
with a scalpel. Sixty cortical bone samples (5 mm x 5 mm x 7.5 mm) were prepared for 
compression testing of UT, DM, and DP bones (20 samples for each bone type). The samples 
were first roughly cut by a handsaw and then precisely with a diamond blade under constant 
water irrigation with the compression surfaces cut as parallel as possible. An aspect ratio of 1.5 
was chosen in order to reduce the influence of sample surface traction forces according to [255] 
that suggested using an aspect ratio between one and two for compression samples. Samples 
were prepared for testing in two directions: longitudinal (along the long axis of bone) and 
transverse (perpendicular to the long axis in the circumferential (angular) direction). Ten samples 
of each bone type were prepared for each testing direction. Samples were wrapped in a wet paper 
towel, placed in plastic zipped bags, and stored in refrigerator (T = 4˚C) for 1-2 days until 
chemical treatment and mechanical testing.  
The procedure of sample preparation and storing for trabecular bone was similar to that of 
cortical bone. The samples were cut from the bovine femoral head in random directions with no 
attention to the orientation of samples with respect to the orientation of trabeculae. About 50 
trabecular samples (6 mm x 6 mm x 8 mm) were prepared for compression testing. 
 
5.2.2. Demineralization and Deproteinization Process 
Cortical and trabecular bone samples were demineralized by aging in 0.6N hydrochloric acid 
(HCl) at room temperature following the procedures described in [90, 256]. Acid solutions were 
changed daily in order to avoid saturation that can affect the demineralization process. The 
complete demineralization process took about seven days. All solutions were quantitatively 
analyzed by inductively coupled plasma optical emission spectrometry (ICP-OES) to evaluate 
the Ca concentration. The completeness of demineralization was verified by the Ca absence in 
the solutions. Bone samples were deproteinized by aging in a 5.6 wt.% sodium hypochloride 
(NaOCl) solution at 37˚C, following the procedures mentioned in [90]. The solutions were 
changed every 12 hours. The whole process took about two weeks. Full deproteinization was 
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verified by subsequent demineralization, which resulted in the disappearance of the sample 
(deproteinization followed by demineralization). 
 
5.2.3. Structural Characterization 
5.2.3.1. Cortical Bone Samples 
In order to estimate the area fractions of osteonal and interstitial lamellae in cortical 
samples, ten representative images of five different untreated bone samples, all obtained from the 
same femur, were used for analysis by optical microscopy (OM) using Zeiss Axio imager 
equipped with CCD camera (Zeiss Microimaging Inc., Thornwood, NY). Optical images were 
taken at 100X and 200X in order to clearly view significant bone features. 
Fracture surfaces of the specimens from all three groups were analyzed by a scanning 
electron microscope equipped with EDS (FEI-XL30, FEI Company, Hillsboro, OR). DM bone 
samples were subjected to critical point drying procedure with a purge time equal to 20 min. 
using the fully automatic critical point drier (Tousimis Autosamdri-815, Rockville, MD) before 
SEM imaging in order to avoid excessive shrinkage and deformation. Samples from all groups 
were mounted on aluminum sample holders, air dried, and sputter-coated (Emitech K575X, 
Quorum Technologies Ltd., West Sussex, UK) with chromium for 30 sec. before imaging. 
OM and SEM images gave 2D information about bone microstructure. To investigate the 
microstructure in 3D, the micro-computed tomography (µCT) imaging was performed on the 
three cortical bone groups at a nominal resolution of 1 µm. The scan produced around 1024 
slices (1024x1024 image pixels per slice) resulting in a field of view (FOV) of roughly 1 mm
3
cube. The µCT measurements were conducted in air using Xradia MicroXCT-200 (for UT and 
DP samples) and MicroXCT-400 (for DM samples) (Xradia Inc., Pleasanton, CA) instruments. 
The two instruments were chosen based on the range of X-ray electric potential they could 
acquire. The data were reconstructed using Xradia TXMReconstructor and, then, the 
reconstructed µCT tomograms were post-processed using Amira (Visage Imaging, Inc., Berlin, 
Germany) to analyze 3D microstructures. The gray image slices were segmented to binarized 
data sets separating voids from bone regions. The threshold value was critically judged around 
the middle point between two peaks corresponding to bone and voids in the gray level histogram 
[232]. After image segmentation, the 3D microstructures were reconstructed and quantitative 
analysis was implemented to obtain the 3D morphometric information. 
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5.2.3.2. Trabecular Bone Samples 
 Trabecular bone samples from all three groups were imaged by optical microscopy using a 
VHX-1000 digital microscope system equipped with a CCD camera (KEYENCE Corporation, 
Osaka, Japan). Images were taken at 100X magnifications to capture the main microstructural 
details. 
Fracture surfaces obtained after compression testing of the specimens from all three groups 
(UT, DM and DP) were investigated by SEM equipped with EDS (FEI-XL30, FEI Company, 
Hillsboro, OR). DM bone samples were subjected to critical point drying procedure using the 
fully automated critical point drier (Tousimis Autosamdri-815, Rockville, MD) before SEM 
imaging to avoid excessive sample deformation. All samples were mounted on aluminum sample 
holders, air dried and sputter-coated (Emitech K575X, Quorum Technology Ltd., West Sussex, 
UK) with Iridium for 8 sec. before imaging. 
Furthermore, the UT, DM and DP samples were scanned in Xradia MicroXCT-200 (-400 for 
DM, due to low X-ray absorption of protein). The imaging resolution was ~ 5 or 10 micron and 
the scan generated thousands of 2D cross-sectional slice images, which were loaded to Amira 
(Visage Imaging, Inc., Berlin, Germany) for post-imaging analysis. Initially, the raw 2D slices 
were gray scale images and, then, they were thresholded to black-white binary images to identify 
bones and voids. Finally, the porosity of bone samples was determined. 
 
5.2.4. Compression Testing 
Both cortical and trabecular bone specimens from the three groups (UT, DM, and DP) were 
submerged in Hank’s balanced saline solution (HBSS) for 24 hours before testing and were 
tested in the hydrated condition (the time between taking the samples out from the solution and 
testing them was about one minute). Novitskaya et al. [189] showed that the saline solution fills 
all pores generated by removal of protein or mineral phases. Compression testing was performed 
with a 30 kN load cell universal testing machine (Instron 3367 Dual Column Testing System, 
Norwood, MA) on UT samples, while a 500 N load cell testing machine (Instron 3342 Single 
Column Testing System) was used on DM and DP samples. Specimens were tested at a 0.5 




. An external deflectometer 
SATEC model I3540 (Epsilon Technology Corp., Jackson, WY) was used to measure small 
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displacements with a precision linearity reading of 0.25% of full measuring range. Compression 
tests were performed in the unconstrained conditions. 
 
5.3. Modeling Methods 
Multiscale modeling of untreated cortical bone was discussed in details in Chapter 3, while 
the multiscale modeling procedure for untreated trabecular bone was given in Chapter 4. 
Throughout those discussions, different approaches were proposed for modeling of bone at 
nanoscale and sub-microscale (see Tables 3.1 and 4.1). The difference in those approaches is due 
to different assumptions about the collagen-HA interactions; in some approaches it was assumed 
that collagen and HA interpenetrate each other, whereas in other approaches matrix-inclusion 
geometry was adopted for collagen and HA phases. The structural and mechanical tests of DM 
and DP bones confirm that, indeed, collagen and HA intertwine each other in bone [90, 188, 189, 
254]. Therefore, in order for a model to capture the elastic behavior of UT, DM, and DP bones 
all together, it should take into account the interpenetrating geometry of collagen and mineral 
phases in bone. Accordingly, approach I (see Tables 3.1 and 4.1) is selected here to predict the 
elastic moduli of all three bone types. In this approach, at the nanoscale, collagen and HA 
minerals are treated as two types of inclusions interpenetrating each other, and the self-consistent 
scheme is employed to determine the elastic properties of a mineralized collagen fibril. 
Similarly, at the sub-microscale, it is assumed that the extrafibrillar HA foam and the 
mineralized collagen fibrils intertwine each other, and the effective elastic properties of the 
coated fibrils are predicted using the self-consistent method. 
Modeling of treated (deproteinized and demineralized) bones follows the same modeling 
procedure as for the untreated bone with one exception; in the treated bones, one phase is 
removed: the collagen in the case of DP bone, and the HA in the case of DM bone. The removed 
phase is replaced with voids in all the modeling steps.  
The material properties and volume fractions of collagen, HA, water, and NCPs are chosen 
according to Table 4.4. The elastic modulus of collagen is assumed to be 1.5 GPa throughout this 
chapter and the higher value of 5.4 GPa is not examined in this study. Also, for simplicity, the 
DOM is assumed to be the same (equal to 42%) for both osteonal and interstitial lamellae in 
modeling of cortical bone. The volume fractions of porosity at different scales, which are needed 
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as the modeling inputs, are obtained from structural characterization of bone samples using OP, 
SEM, and µCT techniques. 
 
5.4. Results and Discussion 
5.4.1. Cortical Bone  
The amount of osteonal and interstitial bone area fractions was estimated by analyzing ten 
representative optical images of five different UT bone samples all taken from the same femur 
(Figure 5.1 [257] is a representative optical image). The osteonal area fraction was found to be 
0.68 ± 0.05 with the balance being the interstitial bone fraction; both area fractions incorporate 
their respective porosities. These numbers serve as the inputs for the modeling procedure. 
SEM images of UT, DM, and DP samples are shown in Figure 5.2 [257]. Figures 5.2b and 
5.2c demonstrate that DM and DP bones are contiguous, stand-alone structures (continuous 
protein network and continuous mineral network). Microscopic features, such as the Haversian 
channels (20-40 µm in diameter) and Volkmann’s canals, are preserved in DM and DP samples. 
Moreover, a well-defined osteon structure is clearly seen in both types of treated bones. 
Figure 5.3 [257] shows the µCT images of all voids (the osteocyte lacunar system and canal 
network) in UT, DM, and DP cortical bone samples. In untreated bones the lacunae have 
ellipsoid shapes that are oriented in the longitudinal direction of bone. The collagen-fibril (Figure 
5.3b) and mineral-grain (Figure 5.3c) like patterns are well observed, respectively, in DM and 
DP bones. 
Figure 5.4a illustrates the modeling results for the longitudinal and transverse elastic moduli 
of UT cortical bone as a function of bone porosity. The same parameters are shown in Figures 
5.4b and 5.4c for DP and DM cortical bones, respectively. The range of porosities selected in the 
modeling for each bone type was based on the µCT measurements (5-10% for UT bone, and 45-
60% for DP and DM bones). Clearly, the elastic moduli of all three bone groups decrease as the 
porosity increases. Such trend was also reported by other researchers for UT cortical bone [258, 










Figure 5.2. Scanning electron microscopy images [257] of (a) untreated, (b) demineralized, and 
(c) deproteinized cortical bone showing microstructural features: osteons (Os), lacuna spaces 
(Lac), Haversian channels (HC), and Volkmann’s canals (VC).  
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(a) 
 
 (b)              (c) 
Figure 5.3. µCT 3D detailed surface view images [257] of (a) voids in untreated bone; the 
lacunae are preferentially oriented along the long axis of bone, (b) protein phase in 









Figure 5.4. Results of multiscale modeling procedure showing the elastic modulus as a function 
of porosity for longitudinal and transverse directions of (a) untreated (UT), (b) demineralized 
(DM), and (c) deproteinized (DP) cortical bone.   
 
Figure 5.5 illustrates the modeling results for the longitudinal and transverse (in the 
circumferential direction) elastic moduli of UT, DP, and DM cortical bones and compares them 
experimental results, obtained from compression testing. The mean values reported for 
theoretical results in Figure 5.5 were calculated by averaging over the different values of 
porosity (Figure 5.4). The bars in Figure 5.5 represent the standard deviation and the range, 
respectively, for the experimental and modeling data. Experimental and modeling results are in 
very good agreement, and in most cases their discrepancies, whenever present, are mainly due to 
simplifying assumptions and selections made at different stages of modeling. The main 
discrepancy between experiments and modeling occurs for the transverse elastic modulus of UT 
 97 
cortical bone. One possible reason may be that in our model, for simplicity, all osteons were 
assumed to be aligned along the long axis of bone. However, there are some drifting osteons in 
bone with off-axis, rather than the longitudinal, alignment [260]. The transverse elastic modulus 
of UT bone is underestimated by neglecting the presence of those misaligned osteons in the 
model. In addition, in the model employed here, the osteonal and interstitial lamellae were 
assumed to have the same DOM (42% mineral volume fraction). The modeling results reported 
in Figures 5.4 and 5.5 are based on that assumption. In reality, however, this is not the case and 
the interstitial lamellae are more mineralized than the osteonal lamellae. The proposed model can 
easily handle different mineral contents for interstitial and osteonal lamellae, like what was done 
in Chapter 3. In order to address this issue here, first, the average mineral volume fraction was 
assumed to be 37% for osteon and 43 % for interstitial lamella, following Gupta et al. [261], and 
the modeling steps were repeated for UT bone. In this case, the longitudinal and transverse 
elastic moduli were found to be, respectively, 19.63 GPa and 8.91 GPa. Clearly, the values were 
lower compared to our previous results since the overall mineral content became lower. Next, the 
case of 42% mineral volume fraction for osteons and 48% mineral volume fraction for interstitial 
bone was considered. The longitudinal elastic modulus of UT bone increased to 24.42 GPa, 
while the transverse modulus increased to 11.65 GPa. However, no experimental references 
support inputs of such higher mineral content. Ideally, the actual mineral content specific to our 
bone type should be used in the model, but such measurements are not available for our samples.  
The other somewhat large discrepancy occurs between the theoretical and experimental 
longitudinal elastic modulus of DM bone. This can be explained by the fact that only the 
presence of longitudinal Haversian vascular channels was incorporated in our model, but the 
existence of Volkmann’s canals, that are oriented perpendicular to main Haversian system, was 
neglected. Including some voids in the transverse direction (Volkmann’s canals) would decrease 
the computed elastic moduli of DM bone along with considering the off-axis alignment of the 
Haversian canals. Another reason for the difference of experimental and modeling results for 
DM bone is a possible degradation of collagen structure during the demineralization process due 
to enzymatic autolysis [189].  
In the case of DP bone, the results of modeling and experiments could be closer if more 
information about the type and magnitude of forces that hold the HA crystals together was 
available. In our model, it was assumed that after removing the protein phase, HA crystals were 
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perfectly bonded to each other. Based on SEM images shown in Figure 5.6 [257], the 
hydroxyapatite crystals in DP bone form an aligned nanocrystalline network, coinciding with the 
collagen alignment. These nanocrystals most likely are held together by weak electrostatic forces 
and/or through mechanical interlocking. Incorporating such geometry that allow for some slip in 
the model could give rise to a better match between the actual and the modeled structure, and 














Figure 5.5. Comparison of the experimental and modeling results for (a) longitudinal, and (b) 
transverse elastic moduli of untreated (UT), demineralized (DM, magnified by 100X for clarity), 
and deproteinized (DP) cortical bone. The capped lines show the standard deviation for 
experimental data and the range for modeling results. 
 
Another limitation of our model is neglecting the presence of cement lines around the outer 
boundaries of osteons. These thin (< 5 µm) lines deflect crack propagation in bone loaded in 
transverse direction which enhances fracture toughness of bone in this direction [262]. There is 
no consensus in literature on the DOM of cement lines. Some researchers found that cement lines 
are less mineralized than the surrounding tissues [263], while others described cement lines as 
highly mineralized tissues [264]. In either case, since the volume fraction of thin cement lines is 
very small compared to the volume fractions of osteons and interstitial lamella, their presence 
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while studying the strength and fracture of cortical bone, the important role of cement lines 













Figure 5.6. SEM micrograph [257] of deproteinized bone (100% minerals) showing that minerals 
align in a preferred orientation. This alignment coincides with the alignment of collagen fibrils. 
 
5.4.2. Trabecular Bone  
Optical microscopy images of UT, DM, and DP samples, shown in Figure 5.7, illustrate a 
combination of rod-like and plate-like elements in trabecular bone. Additionally, they 
demonstrate that both DM and DP trabecular bones are continuous self-standing structures. 
SEM images of UT, DM, and DP trabecular bone samples shown in Figure 5.8 confirm that 
not only the shape and volume of bone samples are preserved during demineralization and 
deproteinization processes, but also small microstructural features (such as lacunar spaces) are 
well defined. 
Figure 5.9 depicts representative µCT images of UT, DM, and DP trabecular bone samples. 
The structure of bone at this level (trabecular bone level) seems to be similar for all three bone 
types. Based on the analysis of µCT images, the porosities of bone samples are determined to be 






Figure 5.7. Optical microscopy images [265] of (a) untreated, (b) demineralized, and (c) 
deproteinized trabecular bone showing rod-like and plate-like elements. 
 
 
Figure 5.8.  Scanning electron microscopy images [265] of the fracture surfaces of (a) untreated, 
(b) demineralized and (c) deproteinized bovine trabecular bone. La = lacuna spaces. 
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                   (a)                                             (b)                                                    (c) 
Figure 5.9. µCT 3D isosurface images [265] of (a) untreated, (b) demineralized, and (c) 
deproteinized trabecular bone samples. Scale bars = 700 µm.  
 
Figure 5.10 shows the elastic moduli of UT, DM, and DP trabecular bone predicted using 
the multiscale modeling procedure and compares those with the experimental data obtained by 
compression testing. The error bars represent standard deviation for experimental data and the 
range (due to a range in porosities) for the modeling results. Despite all the simplifying 
assumptions and selections made throughout the modeling, good agreement is found between the 
theoretical and experimental results. Somewhat large uncertainty is found for the elastic modulus 
of UT bone which could be explained by the large range of porosity values measured for the 
samples (80.4%-87.4%). Several other factors affect the results. First, the bone samples were cut 
in random orientation with no track of the orientation of samples with respect to the orientation 
of trabeculae. Trabecular bone, in general, has an anisotropic elastic behavior. However, along 
the principal axes, its response is orthotropic. Since the tested bone samples were not cut along 
the principal directions, it is hard to interpret the measured results for bone’s compressive elastic 
modulus. On the other hand, the cellular solid modeling method employed assumes that the 
behavior of trabecular bone is isotropic, which is a simplifying assumption. Therefore, it might 
be perplexing to do a one-to-one comparison between the experimentally measured and modeled 
elastic moduli, as they may not represent equivalent properties. Secondly, the model assumed 
that the UT, DM, and DP trabecular bones consist of plate-like structures with corresponding 
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relative densities slightly larger than 0.2. However, the µCT images show a combination of rod-
like and plate-like structures. Adding some rod-like trabecular struts to the model could slightly 
decrease the modeling results especially for treated bone cases. Additionally, cell shapes and 
sizes were not the same for all the samples tested; some samples showed the preferential 
orientation of cells along one direction. This type of structure could be evaluated, to some 
extents, as a parallel prismatic cell structure, which behaves differently under different loading 
conditions. For loading along the prism axes, the relative elastic modulus depends linearly on the 
relative density, while for loading across the prism axes, the relationship between those 
parameters is cubic. Moreover, in the model, the DOM was assumed to be equal for all the 
lamellae, and the presence of more mineralized interstitial bone was ruled out, for simplicity. 
Taking into account the presence of relatively stiff interstitial lamellae at the intersection of 
newly formed trabecular struts could lead to an increase in the modeling results. Also, it was 
assumed that the lamellae had a random orientation in each trabecula which, in turn, led to an 
isotropic elastic response for the trabeculae. The trabeculae, however, have an anisotropic 
behavior in actual bone [252, 253]. Finally, the structure of trabecular bone was assumed to be 
homogenous, while, in reality, the structure and properties of bone may change from one 
location to another. The large standard deviations observed in the experimental data (Figure 
5.10) also confirms the significant effect of inhomogeneity. 
Several simplifying assumptions were made on the structure of trabecular bone at different 
scales. Similar simplifications were done in the modeling of cortical bone. However, compared 
to cortical bone, the elastic behavior of trabecular bone is much more sensitive to bone’s actual 
architecture. That is the reason why the discrepancies between the theoretical and experimental 
results are somewhat larger for trabecular bone as opposed to cortical bone. In order to account 
for bone’s actual geometry and obtain more accurate modeling predictions, finite element models 
of actual structures of UT, DM, and DP bones, obtained by µCT imaging, could be employed 
instead of idealized periodic structures.  Especially in the case of treated bones, that could help to 
better understand any possible changes in bone’s structure upon demineralization or 
deproteinization processes and to improve the analytical models of treated bones. Currently, 









Figure 5.10. Comparison of the experimental and modeling results for elastic modulus of 
untreated (UT), demineralized (DM, magnified by 100X for clarity), and deproteinized (DP) 
trabecular bone. The capped lines show the standard deviation for experimental data and the 
range for modeling results. 
 
5.5. Conclusions 
The developed theoretical models accurately predicted the experimentally measured elastic 
moduli of bovine cortical and trabecular bones. The models assume that bone has a hierarchical 
structure, is an interpenetrating composite of biopolymers and HA minerals, and consists of 
porosity at different hierarchical levels. The experimental inputs into the models were the 
volume fractions of porosities at different scales obtained from µCT scans and the volume 
fractions of other structural features (like osteonal and interstitial bone) obtained from 
OM. Given the simplifying assumptions used in the analysis, the models showed very good 
agreement with experimental values. To our knowledge, this is the first multiscale model that 
incorporates experimental observations of bone as an interpenetrating composite material. Also, 
the study of demineralized and deproteinized bone, which provided valuable insights into the 
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CHAPTER 6: MULTISCALE MODELING OF STRENGTH OF BONE  
Equation Section (Next) 
6.1. Introduction 
Many factors, such as bone disuse, aging, and post-menopause among others, affect the 
onset and progression of osteoporosis; however, the disease usually manifests itself by one 
particular symptom: bone fractures. Given the dramatic consequences of these fractures, the 
primary goal of any treatment should be the prevention of fractures in osteoporotic patients. This 
demands an accurate diagnosis of bone quality and strength. Traditionally, bone fracture risk is 
determined by bone mass or bone mineral density (BMD). However, several evidences show that 
BMD is not the only factor responsible for bone fracture and not an accurate predictor for bone 
strength. For illustration, Hui et al. [266] showed that the fracture risk increases 10 times with 
aging, independent of BMD. Theses, altogether, emphasize the need to better understand the 
factors affecting bone quality and strength. 
Fracture is a mutual competition between damage mechanisms and toughening crack-
shielding mechanisms [267]. Both groups of mechanisms exist at all hierarchical length scales in 
bone. However, the connection between structural features, damage and toughening mechanisms, 
and fracture is not yet well understood in bone, especially at smaller scales. If more insights can 
be obtained on the structure-strength relationships in bone, newer and more effective techniques 
could be developed to assess bone fracture risk and to treat bone diseases. 
In this study, first, the main damage and deformation mechanisms of bone at different 
characteristic length scales are outlined. Next, a finite element modeling framework is proposed 
to analyze damage initiation and growth in bone and predict its strength. The multiscale 
modeling starts at the level of a collagen micro-fibril, which consists of cross-linked collagen 
molecules. Then, the effect of mineralization is examined on the stiffness and strength of bone 
by modeling a mineralized collagen fibril. The next model considered is at the level of a single 
lamella. Finally, FEM models of lamellar structures of bone are built to study the effect of weak 
lamellar interfaces on bone strength. Note that cortical and trabecular bones have the same 
microstructures at the above-mentioned scales. Therefore, the analysis could apply to both bone 
types. The main objective of this study is to shed light on damage formation and failure of bone 
at smaller scales, where not much work has been done experimentally or theoretically in the 
literature. Modeling of bone fracture at the mesoscale, cortical bone or trabecular bone level, is 
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beyond the scope of this work. However, several previous analytical and computational models 
performed such studies [154, 155, 161-163, 268-271]. 
 
6.2. Deformation and Failure Mechanisms of Bone at Different Scales 
Different deformation and failure mechanisms occur at different hierarchical levels in bone, 
due to the presence of different constituents and microstructures. In order to establish a 
comprehensive multiscale model of bone strength, one should first get insight into those failure 
mechanisms. Such an understanding could also be helpful in improving techniques used to assess 
bone fracture risk and developing therapies for bone fragility diseases such as osteoporosis. To 
this end, the related works in literature are reviewed to identify the main deformation and failure 
mechanisms of bone at different length scales. 
Collagen, which is the main structural protein of bone, gives bone its ability to dissipate 
energy under deformation. Collagen is highly deformable and can stretch up to 50% tensile strain 
[2, 272]. At the nanoscale, the first deformation mechanism is stretching and unwinding of single 
collagen molecules, due to breaking of hydrogen bonds between the triple helices. At a higher 
scale of ~ 10-100 nm, the intermolecular sliding and the breaking of cross-links between 
collagen molecules are the main deformation mechanisms in collagen fibrils. Cross-linking plays 
an important role in bone deformation. The cross-link density is higher in aged collagen 
compared to young collagen which leads to smaller deformations and, consequently, lower 
energy dissipation before breaking [103]. In a mineralized collagen fibril, the sliding between 
HA minerals and collagen molecules, initiated at the collagen-HA interface, is another 
mechanism for energy dissipation. Deformation of mineralized collagen fibrils leads to the 
formation of plastic zones around cracks and defects which, in turn, protect the entire bone 
structure by allowing for local energy dissipation. Such mechanism is the dominant toughening 
mechanism at the nanoscale. Hence, mineralized collagen fibrils can tolerate microcracks up to 
several hundred micrometers in length without causing catastrophic failure in bone tissue at 
macroscale [273]. 
At the sub-microscale, the relative motion of mineralized collagen fibrils is the main source 
of deformation. Fibrils are glued together via the extrafibrillar matrix which is composed of non-
collagenous proteins in an aqueous environment [274], as shown in Figure 6.1 [275]. During 
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deformation, the bonds between the fibrils break, and the fibrils get separated. The broken bonds 
can re-form in an aqueous environment providing a continuous resistance to bone fracture [273].  
At the microscale, the lamellae are oriented in different orientations to build bone lamellar 
structures. This structure contributes to bone toughness by deflecting the cracks or arresting them 
at the lamellar interfaces. On the other hand, the lamellar interfaces, which are usually weak 
fracture points locally, facilitate the possibility of sliding between the neighboring lamellae and, 
eventually, delamination [276].  
The structure and composition of cortical and trabecular bones are similar up to the level of 
lamellar structures, therefore, the discussed damage and failure mechanisms apply to both bone 
types. However, at coarser length scales (mesoscale), cortical and trabecular bones start to 
develop different deformation and fracture patterns. Szabo et al. suggested that cortical and 
trabecular bone tissues have similar damage initiation mechanisms but different failure behavior 
[277]. At the micro- and mesoscales, microcracking is the main deformation mechanism which 
protects the whole bone structure from failure by dissipating energy through local failures. In 
cortical bone, microcracks form mainly at weak interfaces, such as cement lines or lamellar 
interfaces, and are primarily aligned along the long axis of bone. Shear cracking in cross-hatched 
patterns and diffuse damage are the other types of damage mechanism in cortical bone [114]. In 
trabecular bone, the main failure mechanism is due to bending/buckling of thin trabeculae [228] 
and, to a lesser extent, due to shear fracture of plate-like trabeculae [278]. 
 
                            





6.3. Multiscale Modeling of Strength of Bone 
A bottom-up multiscale model is proposed to study the damage and failure mechanisms of 
bone at different scales, from sub-nanoscale to microscale, and to predict its tensile strength. In 
the analysis, the results for the strength of bone obtained at a lower level serve as inputs for a 
higher level. The effective elastic properties of bone at each scale are taken from our previous 
study discussed in Chapter 3. Finite element and cohesive finite element analysis are the main 
modeling techniques employed in this study. All the models are analyzed by using Abaqus/CAE 
6.10 and 6.11. 
 
6.3.1. Cohesive Elements 
Several analytical and computational techniques are available for modeling of damage 
initiation and growth in structures. Here, the method of cohesive finite element analysis is 
employed. Cohesive elements are used for the simulation of crack propagation as well as damage 
growth in bonded interfaces. The formulation of cohesive elements is based on the Cohesive 
Zone Model (CZM) approach for modeling of fracture mechanisms at the crack tip [279, 280]. 
The cohesive zone approach models an extended cohesive zone, or process zone, ahead of the 
crack-tip using traction-separation laws that relate the opening displacements in the process zone 
to the resisting tractions. The traction-separation laws are defined in each fracture mode by an 
initial elastic stiffness, the peak traction, or interfacial strength, and the area under the traction-
separation law that is equal to the critical energy release rate. 
While using the cohesive elements, the most important issue is to define the constitutive 
response relationship between the tractions, T, and material separation, Δ . The traction and 
separation have normal (n) and tangential (t) components such that n tT T T n t  and 
n t  Δ n t , where n and t are, respectively, the normal and tangent to the surface at a given 
point in the reference configuration. Material separation is obtained from the displacements u
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where max  is the cohesive strength (the maximum traction) and 0  is the cohesive length (the 
material separation n  required for nT  to reach max  when 0t  ). The maximum of tT  at 
0n   is  
max max2e .                                                                                                                            
(6.4) 
Also, the cohesive energy can be calculated as  
0 max 0 e.                                                                                                                               (6.5) 
Note that the constitutive parameters max , 0 , and 0  depend on the type of bonds acting on a 




Figure 6.2. (a) Normal traction, nT , across the cohesive surface as a function of normal 
separation, n , for 0t  , and (b) shear (tangential) traction, tT , across the cohesive surface as a 

















Δn / δn  
(a) 
 109 




In this study, for simplicity, the constitutive response of cohesive elements is defines by a 
bi-linear traction-separation law. Compared to exponential cohesive behavior discussed above, 
the use of bi-linear model would reduce the extensive computational costs and time while, still, 
maintaining reasonable accuracy [152]. The bi-linear traction-separation law, illustrated in 
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(6.6) 
The initial response of the cohesive element is assumed to be linear until a damage initiation 
criterion is met. k, the slope of the initial ascending part of curve, is the penalty stiffness of 
cohesive interface. The value of the penalty stiffness must be high enough to prevent 
interpenetration of the crack faces and the introduction of artificial compliance into the model by 
cohesive elements [282]. On the other hand, an overly high value of stiffness may lead to 
numerical problems [282]. ∆0 refers to the critical separation for the initiation of damage, while 
∆max denotes the maximum value of the interfacial separation obtained during the loading 
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(6.7) 
It varies from 0 (the case of no damage) to 1 (the case of complete separation). For a given 
mode, the damage variable, D, can also be defined as the ratio between the damage area, Ad, and 
the total area, A, as 
, , .di
A
D i n t
A
 
                                                                                                                      
(6.8) 
The damaged area is zero when no damage is present in the model, Ad=0, while A=Ad if the 
surface is completely damaged. Assuming that the total area is constant, the variation of the 









                                                                                                                      
(6.9) 
On the other hand, using Fracture Mechanics, the fraction of the damaged area with respect to 
the total area can be expresses as a function of the dissipated energy as 
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(6.10) 
where Ξ, damage dissipation energy, is the fraction of energy per unit area dissipated during the 
damage process, or the area under the cohesive law for the current damage threshold, and Gc, 
critical strain energy release rate, is the area under the traction-separation curve  
,
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For a given mode, normal or shear, Gc is constant, while Ξ is a function of the cohesive law used 
and the current damage threshold. Therefore, the variation of the damage variable with the 
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The evolution of the energy dissipation with the damage evolution is obtained from the equations 
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Figure 6.3. Schematic illustration of the bi-linear traction-separation laws employed in the 























Abaqus/CAE provides the use of cohesive elements to model debonding and failure at the 
interfaces. To that end, a very thin layer of cohesive elements, Figure 6.4, must be placed in all 
the locations that damage is expected to occur. The cohesive layer builds an interfacial zone 
between two parts which are supposed to slide or separate. In Abaqus, three parameters are 
needed to define a bi-linear traction-separation law for each mode: the penalty stiffness (k) for 
the initial elastic behavior, the maximum normal or shear strength (σmax or τmax) representing the 
damage initiation, and the energy release rate (Gc) representing the damage evolution. 
 
 
Figure 6.4. A schematic showing a cohesive layer at the interface of two solids. The thickness of 
cohesive layer, t, should be relatively very small compared to the elements on its top and bottom. 
 
6.3.2. Modeling the Strength of Bone at Sub-Nanoscale 
6.3.2.1. Model Geometry 
The first scale considered is the sub-nanoscale representing a collagen micro-fibril which is 
the basic building block of collagen type I fibrils. Orgel et al. [18] characterized the structure of a 
micro-fibril and showed that it is a helical assembly of five tropocollagen molecules which are 
offset by the periodicity of D=67 nm. The molecules are interconnected to each other by cross-
links.  
Here, a 2D finite element model of the micro-fibril is considered. Figure 6.5 illustrates the 
schematic of the unit cell used in the modeling which consists of five cross-linked collagen 
molecules. The length and diameter of a collagen molecule are assumed to be 300 nm and 1.5 
nm, respectively. The definition and value for all the geometrical parameters shown in Figure 6.5 
are given in Table 6.1. The molecules are cross-linked to each other at their ends, and the spaces 






due to cross-linking stabilizes the structure of a micro-fibril. There are two types of cross-
linking: enzymatically and non-enzymatically mediated [283-285]. The enzymatic cross-links 
exist between the ends of collagen molecules, while the non-enzymatic cross-links have a 
random distribution between collagen domains with no specific spatial arrangement [95]. Here, 
the effect of both types of cross-links on the deformation and failure of a collagen micro-fibril is 
studied. In the model, enzymatic cross-links are placed at collagen end terminals and non-
enzymatic cross-links are inserted randomly in the overlap regions of neighboring collagen 
molecules. Different numbers of non-enzymatic cross-links, representing different cross-link 










Figure 6.5. A schematic of the 2D unit cell used in finite element modeling of a collagen micro-
fibril. The lengths are not drawn to scale. The dark regions show the collagen molecules, while 
the white regions represent the gaps between the molecules filled with water and NCPs. The 
molecules are attached at their ends by collagen cross-links. 
 
Table 6.1. The definition and value of geometrical parameters used in modeling of a collagen 
micro-fibril. 
Parameter Value (nm) 
L: length of the micro-fibril unit cell 340 
H: height of the micro-fibril unit cell 11.5 
r: radius of a collagen molecule 1.5 
d: lateral spacing between the molecules 1 
li: length of portions of collagen molecule 
(i=1,2,…,5) 
16, 83, 150, 217, 284 
(respectively for i=1,2,..,5) 
D: periodicity  67 
 















6.3.2.2. Mechanical Behavior of the Constituents 
Collagen and water/NCPs are assumed to have an isotropic elastic behavior. The elastic 
modulus and Poisson’s ratio of collagen are, respectively, 5.4 GPa and 0.28, while the bulk 
modulus and Poisson’s ratio of water are 2.3 GPa and 0.49, respectively.  
Cross-links are modeled by using cohesive elements. Following Siegmund et al. [95], the 
normal cohesive strength of cross-links is set to be σmax=3 GPa and their shear cohesive strength 




6.3.2.3. Finite Element Model 
Periodic boundary conditions are applied to the top and bottom surfaces of the micro-fibril, 
while displacement boundary conditions are inserted on the left and right surfaces. The later 
surfaces are pulled with constant and equal displacements in opposite directions along the x1 
axis. The applied displacement is increased incrementally until the whole structure fails or 
becomes unstable due to accumulation of local damages. The longitudinal strength of the micro-
fibril is defined as the maximum tensile stress in the x1 direction (σ11) the structure could sustain 
before failure. 
A combination of CPS4R elements (4-node bilinear plane stress quadrilateral elements) for 
collagen and water/NCPs domains and COH2D4 elements (4-node two-dimensional cohesive 
elements) for cohesive domains is used to mesh the structure. 
 
6.3.2.4. Results and Discussion 
Figure 6.6 depicts the overall stress-strain curve of the micro-fibril in the x1 direction for 
different numbers of collagen cross-links. At each loading stage, the overall strain of micro-fibril 
is defined as the ratio of the applied displacement to the length of unit cell (L), while the overall 
stress is obtained as the ratio of net forces acting on the left/right face to the height of unit cell 
(H). For all cases, the initial part of the stress-strain curve is linear. The elastic modulus is 
defined as the slope of stress-strain curve in the small deformation region where the strain is 
about 2%. For strains larger than 2%, the response becomes non-linear with the tangent modulus 
decreasing slightly up to the point where the stress reaches its maximum. Ideally, there should be 
a stable drop in the stress-strain curve after the peak point. However, the model becomes 
unstable at around the maximum strength and can capture just a very small drop after that point. 
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Therefore, the modeling results for the yield strain and ultimate strain are almost the same. The 
non-linearity in the stress-strain behavior is due to the sliding between the collagen molecules 
mainly in the overlap zones. The sliding between collagen domains outside the overlap zones is 
not significant. The later result was also confirmed by Siegmund et al [95]. Failure occurs due to 
the breakage of cohesive elements representing the non-enzymatic cross-links. 
Also, Figure 6.7 illustrates the effect of cross-link density, or cross-link number, on the 
mechanical properties of a collagen micro-fibril. The modeling results suggest that as the cross-
link number increases, the elastic stiffness and strength of the micro-fibril increases slightly, 
while its ultimate strain decreases more significantly. This, in turn, results in a decrease in the 
toughness of micro-fibril, which is defined as the area under the stress-strain curve until the 
maximum stress, with increasing the cross-link density. 
Sliding between collagen molecules is a main deformation mechanism in collagen phase 
[102, 286, 287]. Cross-linking inhibits the sliding between collagen molecules. Therefore, 
increasing the number of non-enzymatic cross-links may lead to a more brittle failure. It takes a 
period of years for the non-enzymatically mediated collagen cross-links to form. Therefore, 
collagen, which is a protein with a long half-life, can accumulate a significant amount of non-
enzymatic cross-links with age [288, 289]. Non-enzymatically mediated cross-links decrease 
bone toughness and ultimate strain [290-293]. That might be one of the reasons why bone 
becomes more brittle and fragile with aging. At the macroscopic level, it was shown that 
enzymatic cross-linking improves the mechanical properties of bone [294], while non-enzymatic 
cross-linking prevents energy absorption in the bone and accelerates brittle fracture [290-292, 
295]. The modeling results confirm this behavior at nanoscale. 
Buehler [103] used MD simulation to model a collagen fibril, which had a similar geometry 
to the micro-fibril modeled here, and found its Young’s modulus and strength to be, respectively, 
4.59 GPa and 0.3 GPa. The modeling results of the current work, shown in Figure 6.7, are in 
good agreement with the mentioned results. On the other hand, Shen et al. [176] used a 
microelectromechanical-systems platform to pull type I collagen fibril specimens, isolated from 
the dermis of sea cucumber, until they fractured. The fibrils showed an elastic modulus of 
0.470±0.410 GPa and a fracture strength of 0.230±160 GPa. The strength of a collagen micro-
fibril obtained in the current work falls in the upper range of values obtained experimentally; 
however, the modeling results for the elastic modulus of a micro-fibril are much larger than the 
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experimental data. Note that most of the existing experiments, including the one done by Shen et 
al. [176], probe collagen at the level of collagen fibril, while our model is at a smaller scale of 
collagen micro-fibril. Collagen has a hierarchical structure itself and, usually, its mechanical 
properties, especially its stiffness, decrease going from a lower scale to a higher scale. 
 
 
             (a) 
 
             (b) 
 
Figure 6.6. Predicted stress-strain curves of a collagen micro-fibril in the longitudinal (x1) 
direction for different numbers of non-enzymatic cross-links, n: (a) n=36, (b) n=28, (c) n=20, (d) 
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Figure 6.6 (cont.) 
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Figure 6.7. Variation of mechanical properties of a collagen micro-fibril in the longitudinal 
direction as a function of non-enzymatic cross-link number: (a) effective elastic modulus, (b) 

















































Figure 6.7 (cont.) 
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6.3.3. Modeling the Strength of Bone at Nanoscale 
6.3.3.1. Model Geometry 
Next, a mineralized collagen fibril is considered as the primary building block of bone at 
nanoscale. The model geometry for a mineralized collagen fibril follows the shear lag model 
proposed by Jager and Fratzl [50] in which the HA crystals are arranged in a staggered fashion 
with the same periodicity of collagen molecules, D=67 nm. Figure 6.8 illustrates the two unit 
cells used in the modeling of a mineralized collagen fibril. In the second unit cell (Figure 6.8b), 
the fibril is modeled fully in its transverse direction, while in the longitudinal direction periodic 
boundary conditions are employed to represent its long and repeating structure. However, in the first 
unit cell (Figure 6.8a), the size of the cell is reduced by considering only half length of the mineral 
platelets and employing periodic boundary conditions in both directions. A HA platelet is assumed to 
have a length of L and thickness of t. Also, the distance between the neighboring crystals is denoted 
by a and b, respectively, in the x1 and x2 directions. The relation between the periodicity and other 







                                                                                                                   
(6.15) 
The mineral volume fraction, HA , which is an important parameter affecting significantly bone 
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Here, the model geometrical parameters, listed in Table 6.2, are selected such that ΦHA≈42% for 
both unit cells. 
In addition to collagen and HA phases, potential fracture sites are introduced into the model 
to account for the failure of collagen and HA as well as for the sliding between these two phases 
at their interfaces. The initiation and propagation of damage in these sites are modeled by using 
cohesive elements. For HA crystals, potential fracture sites are placed in a region around the 
center of each platelet where high stresses occur.  
Two kinds of interactions exist between collagen molecules: strong interactions due to 
cross-links and weak interactions due to hydrogen bonds and NCPs [95]. Since the effect of 
collagen cross-linking was studied in the model of a collagen micro-fibril in the previous scale, 
here, strong collagen interactions are not physically introduced into the model, and, instead, their 
effects are implicitly taken into account by assigning the results obtained for the strength of 
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cross-linked collagen molecules at the previous scale as inputs for the strength of collagen phase 
at the current scale. However, weak collagen interactions are introduced into the model by 
inserting cohesive layers in-between collagen subdomains. This is done only for the collagen 
areas located between the long faces of HA platelets because adjacent to the platelet ends (short 
faces) shear deformation is not significant [50, 95]. 
Sliding between collagen molecules and HA crystals at their interfaces is an important 
deformation mechanism in a mineralized collagen fibril. Debonding at the collagen-HA 
interfaces could eventually lead to the fracture and failure of the fibril. In order to simulate such 
mechanism, cohesive layers are placed around each HA crystal at its interfaces with collagen.  
 
6.3.3.2. Mechanical Behavior of the Constituents 
Again, collagen and HA are assumed to be linear elastic and isotropic materials. For 
collagen the elastic modulus and Poisson’s ratio are assumed to be, respectively, 5.4 GPa and 
0.28, while the corresponding parameters for HA are set to be 114 GPa and 0.23.  
All the fracture sites are modeled by using bi-linear cohesive elements. For weak collagen 
interactions, σmax= 30 MPa and τmax= 12.9 MPa [95]. Buehler [102] found that the cohesive 
length of weak collagen-collagen interactions is ∆0=1nm. Consequently, the energy release rate 
for this interaction is Gc=0.081 J/m
2
.  
Fracture parameters of HA crystals are close to those of brittle ceramics. Following 
Siegmund et al. [95], the strength of HA-HA interaction is about 3/100 elastic modulus of HA, 
that is σmax= 3.4 GPa. The theoretical fracture toughness of a perfect covalent crystal is about 1-4 
J/m
2 
[95]. Here, the value of Gc=0.75 J/m
2
 is used for energy release rate of HA interactions. 
The interaction between collagen and HA is mainly due to the presence of a layer of water 
in-between them [61]. Luo et al. [152] introduced three types of collagen-HA interactions in 
bone: strong interface due to ionic interactions, intermediate interface due to thin water films, 
and weak interface due to thick water films or sacrificial bonds. The characteristics of these 
interfacial bonds are given in Table 6.3. Also, Table 6.4 lists the fracture parameters for all types 
of interface. All the three sets of fracture parameters for different types of collagen-HA 



















Figure 6.8. A schematic showing the unit cells used in the modeling of a mineralized collagen 
fibril. Unit cell 2 (Figure b) contains the fibril fully in its transverse direction, while unit cell 1 
(Figure a) has a reduced size based on the periodic structure of the fibril. The light grey regions 
represent collagen and the dark grey regions denote HA platelets. Potential fracture sites are 
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Table 6.2. The definition and value of geometrical parameters used in modeling of a mineralized 
collagen fibril. 
 Parameter Value (nm) 
Unit cell 1 
L1: length of a HA platelet 100 
t1: thickness of a HA platelet 4 
a1: longitudinal distance between neighboring crystals 34 
b1: lateral distance between neighboring crystals 3 
Unit cell 2 
L2: length of a HA platelet 105.08 
t2: thickness of a HA platelet 3.5 
a2: longitudinal distance between neighboring crystals 28.92 
b2: lateral distance between neighboring crystals 3.05 
 D: periodicity 67 
 
Table 6.3. Characteristics of different types of collagen-HA interaction in a mineralized collagen 
fibril [152]. 




Opening mode Sliding mode 
 Strong Ionic interactions Electrostatic Electrostatic 
 Intermediate Thin water layer Water surface tension van der Waals 
 Weak Thick water layer van der Waals Viscous shear 
 
Table 6.4. Fracture parameters for different types of bonding between collagen and HA phases in 
a mineralized collagen fibril [152].  
Type of bond 
Strength                   
  (MPa) 
Energy release rate                                                            
         (J/m
2
) 
Electrostatic 64 0.2 
Water surface tension 38 0.072 
van der Waals 20 0.02 




6.3.3.3. Finite Element Model 
Since in unit cell 2 the fibril is modeled fully in its transverse direction, no periodic 
boundary conditions are needed on top and bottom surfaces of the fibril. Two extreme cases are 
considered for the boundary conditions of the mentioned surfaces: traction free versus 
constrained displacement in transverse (x2) direction. A fibril is surrounded by neighboring 
fibrils. Therefore, in reality, its top and bottom surfaces are neither fully free nor fully 
constrained, and their behavior falls somewhere in-between these two cases. On the other hand, 
for unit cell 1, periodic boundary conditions are applied to the top and bottom surfaces. For both 
unit cells, displacement boundary conditions are applied to the left and right surfaces; they are 
pulled apart with uniform and equal displacements in opposite directions along x1 axis. The 
applied displacement is increased incrementally until the structure fails. 
The platelet geometry of HA crystals motivates the use of a plane strain model. A 
combination of CPE4R elements (4-node bilinear plane strain quadrilateral elements) for 
collagen and HA domains along with COH2D4 elements (4-node two-dimensional cohesive 
elements) for cohesive domains is used to mesh the structure.  
 
6.3.3.4. Results and Discussion 
Figure 6.9 illustrates the effective stress-strain curves of the unit cell 1 in the longitudinal 
(x1) direction for three types of collagen-HA bonding, namely weak, intermediate, and strong, 
and compare those with the elastic behavior of a mineralized collagen fibril with perfectly 
bonded interfaces, pure collagen, and pure HA. Moreover, Figures 6.10a and 6.10b show the 
corresponding results determined for unit cell 2, respectively, for the case where the top and 
bottom surfaces of the unit cell are constrained and the case where the top and bottom surfaces of 
the unit cell are traction-free. For all cases, the initial part of stress-strain curves remains linear 
up to strains between 2% and 2.5%. After that, a minor non-linear response is observed up to the 
point where the tensile stress reaches its maximum value. The structure becomes unstable 
afterwards, more rapidly for unit cell 2 and slowly for unit cell 1, and can undergo only a very 
small amount of further strain. Two mechanisms are responsible for the non-linear response of 
the mineralized collagen fibril: sliding between collagen domains and sliding between collagen 
and HA platelets at their interfaces. For most of the modeling cases, failure occurs because of 
debonding of the collagen-HA interface. The interfaces at the short face of HA platelets undergo 
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large deformations; therefore, the debonding first starts there and, then, grows along the long 
face of HA platelets. The sliding at collagen-HA interfaces is largest for the weak interaction and 
smallest for the strong interaction. The sliding for the case of intermediate collagen-HA 
interaction falls in-between these two cases.  
Three types of bonding between collagen and HA phases are studied. The results show that 
the type of collagen-HA interaction affects the stiffness of the fibril minimally, whereas affects 
its strength significantly; the strength of the fibril are larger first for the strong interaction and 
next for the intermediate interaction compared to the weak one. The strong bonding is due to 
ionic interactions, while the intermediate and weak bondings are due to presence of water layers. 
In bone, all types of interactions are available at the same time but at different locations. 
However, to our knowledge, no information is available in the literature on the percentage or 
spatial distribution of each bonding type (strong, intermediate, or weak). Therefore, here, for 
simplicity, each type of interaction is separately inputted into the model which may not be 
realistic. Among the three modeled interactions, the model with strong collagen-HA interaction 
is the most questionable one. That model implies that ions are packed very densely in all the 
interfaces between collagen and HA, which is unlikely in reality. That might explain the 
unrealistically large values of strength and ultimate strain obtained theoretically for the strong 
collagen-HA bonding both in unit cells 1 and 2. Water is available in all the gaps and openings in 
bone. Therefore, the models with intermediate and weak interactions, which are due to a layer of 
structural water, may better represent the actual collagen-HA bonding in bone. This proposition 
is also in agreement with the NMR-based experimental observations of Wilson et al. [61] 
suggesting that there exists an ordered water layer between the bone mineral and the protein 
matrix surrounding it. Sliding at collagen-HA interface was known to be the main deformation 
and failure mechanism for a mineralized collagen fibril by many researchers [95, 103, 105]. 
Among the three types of interaction modeled, the weak interaction allows for the largest sliding 
and debonding at the interfaces. Therefore, one could infer that the weak interaction is the 
dominant type of collagen-HA interaction in bone. Also, the modeling results are much more 
realistic for this type of interaction implying that weak collagen-HA interaction comprises the 
largest percentage of all interactions. 
Figures 6.10a and 6.10b compare two extreme boundary conditions for the top and bottom 
faces of the unit cell 2: constrained versus free. The trends for predicted stress-strain curves in 
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both cases are very similar; however, the elastic modulus and strength of the fibril are higher for 
the constrained case. As mentioned before, in bone, a mineralized collagen fibril interacts with 
the adjacent fibrils and, therefore, is not fully constrained or free. The actual behavior of the 
fibril falls somewhere in-between these two cases. In all cases, the results for the upper bound 
(constrained boundaries) and lower bound (free boundaries) are close enough to guarantee that 
the actual behavior of the fibril in bone is not far from the idealized models considered here. 
Inserting spring elements on outer boundaries in the transverse direction is another potential 
method to model the boundary condition. Springs with stiffness close to 0 would mimic the free 
boundaries, whereas springs with stiffness close to infinity would mimic the constrained 
boundaries.  However, without more information on the nature and magnitude of forces holding 
neighboring fibrils together, it is hard to determine the actual boundary condition, or 











Figure 6.9. Predicted stress-strain curve of a mineralized collagen fibril (MCF) for three types of 
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Figure 6.10. Predicted stress-strain curve of a mineralized collagen fibril (MCF) for three types 
of collagen-HA interactions: strong, intermediate, and weak. The results pertain to the case 
where top and bottom boundaries of the unit cell 1 are (a) constrained from deformation in x2 
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Also, Figures 6.9, 6.10a, and 6.10b include the stress-strain curves for a mineralized 
collagen fibril with perfectly bonded interfaces. This model has a fully linear behavior. No 
sliding occurs at the interfaces and deformation is only due to elastic stretching of phases. The 
results suggest that the introduction of damage at the interfaces decreases the elastic modulus and 
strength of the fibril for both boundary conditions considered and different collagen-HA 
interactions studied. Figure 6.11 shows the stress contour in a mineralized collagen fibril with 
perfect interfaces. The HA phase is much stiffer than the collagen domain. Hence, as proposed 
by Jager and Fratzl [50], the axial loading is mainly carried by the minerals and collagen mainly 
transfers the load between neighboring mineral crystals via shear stresses. The large values of 
stress (denoted by orange and red colors) in HA phase compared to smaller values of stress 
(denoted by blue color) in collagen phase confirm this. Especially, most of the axial loading is 
carried by central regions of HA platelets. Consequently, in order to account for the fracture of 
HA itself, potential fracture sites are placed in a region around the center of individual HA 
crystals, where the largest stresses occur. The models which account for the fracture of HA phase 
show relatively large deformations in the cohesive layers representing HA fracture sites. 
However, no debonding is observed at the HA-HA interfaces, and HA phase does not fracture in 
the models. In all cases, the debonding at collagen-HA interfaces occurs first, before the HA 
phase can undergo large enough deformations needed for its fracture. 
Finally, Table 6.5 summarizes the modeling results for the longitudinal strength and ultimate 
strain of a mineralized collagen fibril obtained in this work and compare those with other 
modeling results available in the literature. As discussed above, the strong and intermediate 
collagen-HA interactions considered in the modeling do not represent the actual bonding type 
between organic and inorganic phases in bone, whereas the weak interaction is closer to reality. 
The good agreement between the current results for weak collagen-HA interaction and other 




Figure 6.11. Contours showing the normal stress σ11 in a mineralized collagen fibril with 
perfectly bonded interfaces. The region shows a magnified box within the fibril. The stresses 
reach their largest values in the central regions of HA platelets, while remain small in the 
collagen phase. 
 
Table 6.5. Modeling results for the strength and yield strain of a mineralized collagen fibril for 
both unit cells 1 and 2 as well as for different types of collagen-HA interactions and different 
boundary conditions, and their comparison with the corresponding data available in the literature. 
Strength of a mineralized collagen fibril 
(GPa)  
Yield strain of a mineralized 













Unit cell 2   
5.76 (strong, constrained) 
4.99 (strong, free) 
3.96 (intermediate, constrained) 
3.43 (intermediate, free) 
1.84 (weak, constrained) 
1.67 (weak, free) 
17.9 (strong, constrained) 
16.11 (strong, free) 
12.68 (intermediate, constrained) 
11.19 (intermediate, free) 
5.97 (weak, constrained) 
5.6 (weak, free) 
Current work 
 
0.119±0.038 5.92±0.62 Hang and Barber [64]  
0.6 6.7 Buehler [103]  
~ 1.5 ~ 4.4 Siegmund et al. [95]  





6.3.4. Modeling the Strength of Bone at Sub-Microscale 
6.3.4.1. Model Geometry 
Mineralized collagen fibrils are glued together by water and NCPs to form a single lamella. 
Damage and failure at this scale occurs due to the breakage of the bonds between fibrils. The 2D 
unit cell of a single lamella used in the modeling is shown in Figure 6.12. In the transverse (x2) 
direction, it consists of a mineralized collagen fibril together with half of the distance between 
the neighboring fibrils on each side. That space is filled with water and NCPs. In the longitudinal 
(x1) direction, the long and repeating structure of a fibril motivates the use of a periodic portion 
of the fibril length. The diameter and periodic length of the fibril are assumed to be 100 nm and 
500 nm, respectively. The geometrical parameters of model are given in Table 6.6. In order to 
simulate the damage due to sliding of fibrils and breakage of their bonds, cohesive layers are 
placed at the interfaces between the mineralized collagen fibril and water/NCPs phase. 
Moreover, potential fracture sites are introduced throughout the length of the fibril to allow for 
the fracture of fibril itself. 
Note that the presence of lacunar pores is neglected in the finite element method. The 
boundaries of lacunae might act as potential sites for stress concentration and crack initiation. 
However, this damage mechanism is not as significant as the one caused by breakage of bonds 
between adjacent fibrils. Therefore, for simplicity, only the main deformation mechanism is 









Figure 6.12. A schematic showing the unit cell used in the modeling of a single lamella. The 
light grey region shows the water/NCPs, while the dark grey region shows a mineralized 
collagen fibril. Potential fracture sites are introduced into the model for the fibril-water/NCPs as 
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Table 6.6. The definition and value of geometrical parameters used in modeling of a single 
lamella. 
Parameter Value (nm) 
L: length of the unit cell 500 
d: diameter of a mineralized collagen fibril 100 
b: half the lateral distance between neighboring fibrils 15 
 
 
6.3.4.2. Mechanical Behavior of the Constituents 
The mineralized collagen fibril is assumed to be a homogeneous linear elastic solid whose 
effective elastic properties are selected based on the results obtained in Chapters 3 and 4. Note 
that the models studied previously in analytical elastic analysis of a mineralized collagen fibril 
were 3D models with their x1 axis oriented along the long axis of collagen molecules and HA 
crystals, their x2 axis oriented along the second largest face (width) of HA crystals, and their x3 
axis oriented along the shortest face (thickness) of HA platelets. Here, a 2D FEM model of the 
fibril is considered in which HA crystals are defined as 2D rectangles with their length along x1 
axis and their thickness along x2 axis. Therefore, the x1 axis of 2D and 3D models of a 
mineralized collagen fibril coincide, while the x2 axis of the 2D model pertains to the x3 axis of 
the 3D model. In other words, the x1-x2 plane of the FEM model studied here for a mineralized 
collagen fibril corresponds to the x1-x3 plane modeled before in Chapters 3 and 4. Finally, the 
orthotropic effective elastic properties of a mineralized collagen fibril are selected as E1=33.8 
GPa, E2=10.1 GPa, υ12=0.29, and G12=9.13 GPa. The water/NCPs phase is assumed to have 
isotropic properties with bulk modulus equal to 2.3 GPa and Poisson’s ratio equal to 0.49. 
The interaction between the fibril and water/NCPs is modeled by using bi-linear cohesive 
elements. To our knowledge, no data is available in literature on the type and characteristics of 
the bonding between mineralized collagen fibrils and water/NCPs. Most probably, the bonding is 
a weak one due to the presence of a thick layer of water and NCPs. In that case, the bonding in 
the opening (normal) mode is due to van der Waals forces and has the fracture properties 
σmax=20 MPa and Gc=0.02 J/m
2
. For the sliding (shear) mode, the dominant bonding type is the 
viscous shear with properties τmax=12.9 MPa and Gc=0.008 J/m
2
. 
Potential fracture sites are placed along the length of fibril to consider the possibility of 
fracture in the fibril itself. The fracture properties of the fibril-fibril interaction are chosen based 
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on the results obtained at the previous scale (a mineralized collagen fibril). While modeling a 
mineralized collagen fibril, three different collagen-HA bonding types were considered which 
resulted in different values of strength and ultimate strain for the fibril. All three sets of results 
obtained in the previous scale for weak, intermediate, and strong interactions are used here as 
inputs for the fibril-fibril interaction. As discussed earlier, the strong and intermediate collagen-
HA bonding are not physically realistic, while the weak bonding more closely captures the 
nature of collagen-HA interaction. Still, for the sake of comparison, strong and intermediate 
collagen-HA interactions are included in the analysis as well. 
 
6.3.4.3. Finite Element Model 
In order to obtain the strength of a lamella in the longitudinal (x1) direction, the left and right 
faces of the cell are pulled apart with uniform displacements in the x1 direction. Also, periodic 
boundary conditions are applied to the top and bottom faces of the unit cell both in x1 and x2 
directions, and to the left and right faces in the x2 direction. The applied displacement is 
increased at every step till the whole structure reaches failure. The longitudinal strength of a 
lamella is defined as the maximum tensile stress in the x1 direction (σ11) before failure. 
A combination of CPS4R elements (4-node bilinear plane stress quadrilateral elements) for 
collagen and HA domains along with COH2D4 elements (4-node two-dimensional cohesive 
elements) for cohesive domains is used to mesh the structure.  
 
6.3.4.4. Results and Discussion 
Figure 6.13 depicts the predicted overall stress-strain curve of a single lamella in the 
longitudinal (x1) direction. The strength of a mineralized collagen fibril, as one of the lamella’s 
constituents, affects the strength of a single lamella. On the other hand, the strength of a 
mineralized fibril depends on the type of collagen-HA interaction employed in the model, see 
Figures 6.9 and 6.10. Consequently, the behavior of a single lamella is analyzed separately for 
three types of collagen-HA bonding, namely strong, intermediate, and weak. As discussed in 
Section 6.3.3.4, the strong and intermediate collagen-HA interactions do not represent the 
dominant collagen-HA bonding type in bone and incorrectly overestimate bone’s mechanical 
properties, while the weak interaction better captures the structure and properties of bone at 
nanoscale. This proposition is confirmed once again by the results obtained for the strength and 
 133 
yield strain of a single lamella, Figure 6.13: the values obtained for the strong and intermediate 
interactions are much larger than expected. 
For all the three collagen-HA interactions, the stress-strain curve has a linear behavior till 
the strains of about 2-3% and, then, a minor non-linear behavior up to the point where σ11 
reaches its maximum value. After that point, a rapid but stable drop can be observed in all the 
stress-strain curves. In the linear part of the curve, the elastic moduli of all cases are the same 
and equal to the longitudinal elastic modulus of a single lamella with perfectly bonded interfaces. 
However, in the non-linear part, the curves deviate from the stress-strain response of the elastic 
model of lamella with perfect bonding, and their moduli start to decrease. The non-linearity is 
mainly due to sliding at the interface of fibril and NCPs and to a lesser extent due to the 
dissipation of damage energy at the fibril fracture sites. The sliding at the fibril-NCPs interfaces 






Figure 6.13. Predicted stress-strain curve of a single lamella in the longitudinal (x1) direction for 
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Lamella with weak collagen-HA interaction 








Figure 6.14. Detailed FEM mesh of a single lamella in (a) undeformed and (b) deformed 
configurations. Sliding along the interface between the fibril (green regions) and water/NCPs 
(blue regions) is vivid by the offset between the corresponding elements.  
 
Figure 6.13 also contains the longitudinal stress-strain curve of a single lamella with 
perfectly bonded interfaces. For this model, deformation is only due to tensile stretching of 
phases and no sliding occurs. Elastic properties of the mineralized collagen fibril are much larger 
compared to those of water/NCPs; therefore, most of the axial loading is carried by the 
mineralized fibril and water/NCPs mainly transfers the load between neighboring fibrils through 
shear stresses. Figure 6.15 depicts the distribution of normal stress σ11 between the two phases. 
Finally, Figure 6.16 shows the variation of damage dissipation energy as a function of 
applied strain in a model of single lamella with weak collagen-HA interaction. Damage 
dissipation energy represents the amount of energy dissipated through the damaged areas where 
cohesive elements exist. The results suggest that the damage dissipation energy increases with 
the applied strain. However, the increase is not noticeable at smaller values of loading where the 
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cohesive elements have not reached their damage initiation level yet. As the loading increases 
enough for the cohesive elements to reach their maximum strength, damage evolves in the 
cohesive zones and more energy is dissipated through the damaged area. Eventually, the damage 
progression leads to the failure of the structure. 
 
 
Figure 6.15. Contours showing the normal stress σ11 in a FEM model of single lamella with 
perfectly bonded interfaces. The region shows a magnified box within the lamella. The high 
stresses in the red region pertain to the fibril as opposed to the small stresses in the blue region 
corresponding to water-NCPs. 
 
 
Figure 6.16. Damage dissipation energy as a function of applied strain obtained by an FEM 
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6.3.5. Modeling the Strength of Bone at Microscale 
6.3.5.1. Model Geometry 
Single lamellae are oriented in different orientations to build the lamellar structures of bone: 
osteons and interstitial lamellae in cortical bone as well as trabeculae and interstitial lamellae in 
trabecular bone. The stiffness of bone decreases when adjacent lamellae have different 
orientations as opposed to the case where they are preferentially oriented in one direction. 
However, the laminated arrangement increases bone toughness by deflecting the growth path of 
cracks or arresting them at the lamellar interfaces. Delamination and sliding at the interfaces are 
the main failure mechanisms at this scale. In order to simulate that behavior, 2D finite element 
models of laminated structures of bone are studied. Figure 6.17 illustrates the schematic of the 
model which consists of several single lamellae oriented in different orientations. In order to 
assess the effect of orientation pattern on mechanical properties of the lamellar structure, several 
orientation patterns are considered. Each single lamella has a thickness of 3-7 μm in bone. Here, 
an average value of 6 μm is selected for all the layers. The number of lamellae in each laminated 
structure, and, consequently, the total thickness of the structure studied, depends on the 
orientation pattern selected. Furthermore, at this scale, lacunae are present in bone. In order to 
assess the effect of these microstructures on the overall elastic properties and strength of bone’s 
lamellar structure, lacunar cavities are inserted into the model. Each lacuna is represented as an 
ellipse with its major axis (oriented along x1 direction) equal to 20 µm and its minor axis 
(oriented along x2 direction) equal to 4 µm. Lacunae are placed at random locations throughout 
the lamellae and their volume fraction is selected to be around 3% in all cases. 
Cohesive layers are placed at the interfaces of neighboring lamellae to capture the failure at 
those locations. In addition to the failure at weak lamellar interfaces, it is possible that the 
fracture occurs in the lamellae themselves. In order to simulate the later mechanism, potential 

















Figure 6.17. A schematic showing 2D model of lamellar structure of bone. The fibrils are 
preferentially oriented in one lamella but neighboring lamellae have different fibril orientations. 
Here, the shown orientation pattern is selected arbitrarily, and the lengths are not drawn to scale. 
 
6.3.5.2. Mechanical Behavior of the Constituents 
Each lamella is assumed to be a linear elastic material with its properties taken from 
previous elastic analysis done in Chapters 3 and 4. For the 2D model of a single lamella, the 
effective elastic properties are selected as E1= 36.2 GPa, E2=11.96 GPa, υ12=0.24, and G12=15.06 
GPa, with x1 oriented along the long axis of fibrils in each lamella and x2 oriented along the 
thickness of lamella in a plane where the shortest faces (thickness) of HA crystals reside. 
Moreover, the lacunae are assumed to be voids whose elastic properties are set to be almost zero. 
The interfaces between lamellae are modeled by using bi-linear cohesive elements. To the 
best of our knowledge, the type and characteristics of the bonding between the neighboring 
lamellae in bone have not yet been characterized experimentally. Possibly, the lamellae are held 
together by weak van der Waals forces due to presence of water. In that case, the bonding in the 
opening (normal) mode has the fracture properties σmax=20 MPa and Gc=0.02 J/m
2
, while in the 
sliding (shear) mode the properties are τmax=12.9 MPa and Gc=0.008 J/m
2
. 
In order to allow for the fracture of lamellae themselves, potential fracture sites are placed 
inside the lamellae. The fracture properties of the lamellae-lamella interaction are selected based 
on the results obtained at the previous scale (a single lamella).  
 
6.3.5.3. Finite Element Model 
Five different lamellar orientations are studied in the model: the pattern in which all the 
lamellae are uni-directionally oriented along the long axis of bone (pattern 1), the orthogonal 
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with orientation 0, 30, 60, 90, 120, 150, 180 (pattern 3), the rotated plywood pattern with 
orientations 0, 15, 30, 45, 60, 75, 90 (pattern 4), and the orientation pattern proposed by Weiner 
et al. [223] as 0, 30, 60, 90, 120 (pattern 5). All the angles are measured from the longitudinal 
axis x1. First, to examine the effect of orientation pattern on longitudinal and transverse effective 
elastic moduli of the structure, the layers of lamella are perfectly bonded to each other. Next, to 
study the damage mechanism in bone’s lamellar structure and predict its strength, cohesive 
layers are inserted in-between the neighboring lamellae. In all cases, displacement boundary 
conditions are applied in the x1 direction to obtain the effective longitudinal properties and in the 
x2 direction to predict the effective transverse properties. 
 
6.3.5.4. Results and Discussion 
Figures 6.18a and 6.18b depict, respectively, the effective longitudinal and transverse elastic 
moduli of the lamellar structure of bone obtained by finite element analysis of different 
orientation patterns 1, 2, 3, 4, and 5. The results are also given for two sets of finite element 
models: models containing lacunar cavities and models without any lacunar cavities. As 
expected, the largest difference between the longitudinal and transverse elastic moduli occurs for 
the fibril orientation pattern 1 where all the lamellae are oriented in one direction. The elastic 
response of the structure with orientation pattern 3, which has a fibril orientation of 0, 30, 60, 90, 
120, 150, 180, is effectively very close to the response of the lamellar structure with an 
orthogonal plywood pattern. That is the reason why the predicted elastic moduli for patterns 2 
and 3 are very similar. As the distribution of orientation between neighboring lamellae goes from 
uni-directional to more random, the effective elastic response of the lamellar structure becomes 
more isotropic. That can be confirmed by the decrease in longitudinal elastic modulus, Figure 
6.18a, but increase in transverse elastic modulus, Figure 6.18b, while going from pattern 1 to 









       (a) 
 
 
       (b) 
Figure 6.18. Predicted (a) longitudinal, E1, and (b) transverse, E2, elastic moduli of bone’s 
lamellar structure for different fibril orientation patterns and for cases with and without lacunae. 
 
The results shown in Figure 6.18 suggest that the introduction of lacunae into the model 
leads to a decrease in bone’s effective elastic modulus both in longitudinal and transverse 
directions with the decrease being more significant in the transverse direction. The reason can be 























































us consider the first case where the plate is loaded along the major axis of the hole, Figure 6.19a. 
Then, the minimum hoop stress occurs at point A ( 0,  ) and is equal to 
1
1| .A                                                                                                                                 (6.17) 
On the other hand, the hoop stress attains its maximum value at point B ( 2, 2    ) as 
1
1| (1 2 ) .B
b
a
                                                                                                                      (6.18) 
For the second case where the plate is loaded along the minor axis of the hole, Figure 6.19b, the 
minimum hoop stress at point B ( 2, 2    ) is equal to 
2
2| ,B                                                                                                                                 
(6.19) 
while the maximum stress at point A ( 0,  ) is 
2
2| (1 2 ) .A
a
b
                                                                                                                      (6.20) 
In the model, the major and minor axes of a lacuna representing the hole are assumed to be 
2a=20 µm and 2b=4 µm, respectively. Using Equation (6.18), those dimensions would give rise 
to a stress concentration factor of 1.4 for the case where the structure is loaded longitudinally. On 
the other hand, the stress concentration factor for the case where the structure is loaded 
transversely would be 11, using Equation (6.20). The large difference between the two stress 
concentration factors, 11 versus 1.4, shows that the transverse loading along the minor axis of the 
hole is locally more critical for the structure. Although the geometry and boundary conditions of 
the actual finite element model are different from the models given in Figure 6.19, the above-
mentioned simple calculations indicate why the effect of lacunar cavities is more pronounced in 
the transverse direction compared to the longitudinal direction. Figure 6.20 illustrates how the 
presence of lacunae changes locally the stress field of bone’s lamellar structure; the stress 
concentration is vivid around both lacunae, especially at the end of their minor axes. Other 

























  (b) 
Figure 6.19. A schematic showing an elliptical hole in an infinite plate loaded uniformly (a) 
along the major axis of the hole, and (b) along the minor axis of the hole. 
   
 
(a) 
Figure 6.20. Maximum principal stress contours obtained by FEM analysis of bone’s lamellar 
structure loaded longitudinally. The stress concentration is vivid around elliptical lacunae which 
are located (a) close to the outer boundary of structure, and (b) in the middle of structure. 
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The FEM results obtained for the strength and yield strain of bone at microscale are shown, 
respectively, in Figure 6.21a and 6.21b for different fibril orientation patterns. The model with 
fibril pattern 1 has the highest strength, while the one with fibril pattern 4 has the smallest 
strength. However, the predicted strength of bone is very close for all orientation patterns. One 
reason for such a behavior is that, in the model, the properties of cohesive layers are chosen to be 
the same for all the orientation patterns. The main deformation and failure mechanism observed 
in this scale is the sliding between neighboring lamellae at their interfaces. Since the interfacial 
properties are similar for all cases, the corresponding predicted ultimate strengths are close. The 
failure observed in all the models is a brittle one in which the structure fails right after reaching 
its maximum stress value. Therefore, the ultimate strains are almost equal to the yield strains in 
all cases and their values are relatively small, as illustrated in Figure 6.21b. That behavior might 
occur due to computational errors in the model. The presence of a large number of cohesive 
elements in the models could lead to instability of the structure after reaching its ultimate 
strength point, and, therefore, the structure fails before attaining its actual ultimate strain. While 
using cohesive elements, the obtained results are sensitive to mesh size. Here, a very fine mesh 
consisting of the largest number of elements manageable with our computer power was used. 









             (b) 
Figure 6.21. FEM results showing (a) the ultimate strength, and (b) the yield strain of bone’s 
lamellar structures with different fibril orientation patterns. 
 
The results shown in Figure 6.21 pertain to the models where the lacunar cavities are placed 
inside each lamellae and do not intersect with lamellar interfaces. In order to study the effect of 
the later geometry, a lamellar structure of bone with fibril orientation pattern 1 is analyzed in 
which some of the lacunar cavities cross the interface between the adjacent lamellae, as shown in 
Figure 6.22a. In this case, the lacuna is like a defect (or a crack with fully closed ends) with 











































structure around the cavity. Debonding occurs between the lacuna and the interfacial cohesive 










Figure 6.22. Bone’s lamellar structure containing lacunar cavities which cross the lamellar 
interfaces: (a) and (b) undeformed configuration, and (c) deformed configuration. Figures (b) and 
(c) show an enlarged region around the left end of lacuna. 
 
Finally, the predicted modeling results are compared with experimental data in Table 6.7. 
Note that the results of the current study pertain to the properties of bone’s lamellar structure at 
microscale, while most of the existing experimental data correspond to mesoscale, or bone level. 
Lamellar interface Lamellar interface 
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However, those results should be close for cortical bone whose structure at mesoscale is mainly 
composed of lamellar structures and only a small amount of porosity. The presence of cement 
lines, resorption cavities, microcracks, and other structural features would clearly affect the 
strength and ultimate strain of cortical bone at the mesoscale, still the mentioned mechanical 
properties of cortical bone are comparable at microscale and mesoscale. For trabecular bone, due 
to the presence of a porous network at mesoscale, bone’s behavior at that scale is different from 
microscale. That is the reason why the experimental data listed in Table 6.7 includes only the 
obtained results for cortical bone samples. Also, for a better comparison with modeling results, 
the uniaxial tensile testing results of bone samples are selected. In spite of all the simplifications 
made throughout the modeling from sub-nanoscale to microscale, the predicted results for bone 
ultimate strength and yield strain are in good agreement with experimental data. The somewhat 
large discrepancies between the theoretical and experimental yield strains might be due to 
computational errors discussed before. 
 
Table 6.7. Predicted ultimate strength and yield strain of bone at microscale and their comparison 
with mean experimental data obtained for cortical bone. 
Ultimate strength     
        (MPa) 
Yield strain  
      (%) 
Reference Bone type 
Pattern 1: 129.1 
Pattern 2: 104.12 
Pattern 3: 109.8 
Pattern 4: 83.01 
Pattern 5: 108.8 
Pattern 1: 0.355 
Pattern 2: 0.405 
Pattern 3: 0.42 
Pattern 4: 0.34 
Pattern 5: 0.475 
Current study   
77 0.56 Lee et al. [298] Human tibia 
92.1 3.8 Ramasamy and Akkus [299] Mouse femur 
102 1.32* Evans [300] Human femur 
104.93 1.56* Riggs et al. [301] Equine radius 
108.4 0.694 Kotha and Guzelsu [302]  Bovine femur 
120 0.9* Liang and Jasiuk [303] Swine femur 
132.3 2.8* Burstein et al. [304]  Human femur 
136 3.9* Cezayirlioglu et al. [305] Human femur 
158 4.2* Cezayirlioglu et al. [305] Human tibia 
162 4.9* Cezayirlioglu et al. [305] Bovine femur 
251 1.2 Autefage et al. [306] Canine femur 
* The reported strain in that reference was ultimate strain and no data was given for the yield strain. 
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 6.4. Discussion and Conclusions 
A multiscale finite element modeling framework was proposed to capture the damage 
mechanisms of bone at different structural scales and predict its strength. First, a FEM model of 
collagen micro-fibril was analyzed to study the effect of collagen cross-linking on the 
mechanical properties of bone. Next, a mineralized collagen fibril was modeled to assess the role 
of soft and deformable collagen as well as stiff but brittle HA minerals on the elastic properties 
and strength of bone. The next scale modeled was a single lamella level consisting of 
mineralized collagen fibrils glued together by NCPs. The model showed that sliding between the 
neighboring fibrils and, eventually, breaking of the bonds between them are the main damage 
mechanisms at this scale. Finally, the lamellar structure of bone was modeled in which the 
adjacent lamellae are oriented in different orientation. In this model, the effect of fibril 
orientation pattern on elastic properties and strength of bone was studied. In all the models, 
cohesive elements were the main modeling tools employed for simulating the initiation and 
evolution of damage. 
Several simplifying assumptions were made on the structure and properties of bone at 
different scales throughout the modeling. First, all the models used simple 2D geometries and 
employed periodic boundary conditions to reduce the size of unit cell and, consequently, 
computational cost. The initiation and propagation of defects and cracks are very sensitive to the 
microstructures. Therefore, the use of actual 3D models could improve the modeling predictions. 
Moreover, initially, all the models were assumed to be crack-free or defect-free. However, in 
reality, nano-defects and microcracks exist in normal bone. Incorporating pre-defined defects in 
the models would change the damage propagation path and the predicted bone strength.  
 The next challenging issue is the selection of properties for different materials and phases. 
As mentioned earlier, a wide range of properties are available in literature for the elastic 
properties of collagen and HA, which are the main constituents of bone. The material properties 
of bone not only differ between individuals but also vary within a tissue. Here, deterministic 
models of bone were studied and the stochastic nature of mechanical properties due to spatial 
inhomogeneity was ignored. Incorporating the spatial variation of material properties into the 
model could change the predicted elastic properties and, more significantly, the strength. In order 
to get some insights on how different material inputs could affect the bone’s properties, several 
parametric studies are done on the FEM model of a mineralized collagen fibril with weak 
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collagen-HA interactions, which was previously introduced in Section 6.3.3.1 as the unit cell 1. 
First, the elastic modulus of HA is fixed at 114 GPa, while the elastic modulus of collagen is 
changed from 0.5 GPa to 5.4 GPa. The effective elastic modulus and strength of fibril are 
evaluated for the varying collagen moduli and shown in Figure 6.23. Next, the elastic modulus of 
HA minerals is varied from 20 GPa to 114 GPa for the fixed collagen modulus of 5.4 GPa. 
Again, the overall longitudinal elastic modulus and strength of the mineralized fibril are 
calculated and plotted as a function of HA elastic modulus in Figure 6.24. As the elastic moduli 
of collagen and HA minerals decrease, both the elastic modulus and strength of the mineralized 
fibril decrease. However, the influence of HA properties on fibril’s modulus and strength is more 
significant. In other words, the stiffness and strength of the mineralized collagen fibril in bone is 
mainly due to HA crystals. On the other hand, the presence of stiff minerals inhibits the 
deformation of the fibril and decreases its toughness. That is the reason why as the HA modulus 
decreases, the ultimate strain of the fibril increases. Finally, the behavior of collagen and HA 
were assumed to be linear elastic and isotropic. In order to better predict the strength of bone, 
one should employ more accurate constitutive laws for the constituents, such as the non-linear 
viscoelastic behavior and plasticity of collagen and, also, brittle cracking of HA. 
 
 
                (a) 
Figure 6.23. Effect of varying collagen elastic modulus on (a) longitudinal elastic modulus, and 
(b) longitudinal strength of a mineralized collagen fibril. Elastic modulus of HA is set to be 114 
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Figure 6.23 (cont.) 
 
 
                (b) 
 
 
              (a) 
Figure 6.24. Effect of varying HA elastic modulus on (a) longitudinal elastic modulus, and (b) 
longitudinal strength of a mineralized collagen fibril. Elastic modulus of collagen is set to be 5.4 
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Figure 6.24 (cont.) 
 
 
               (b) 
 
Moreover, the behavior of cohesive elements is very sensitive to the corresponding traction-
separation laws employed. The input parameters needed for the bi-linear cohesive elements, 
namely the strength and fracture energy, depend on the bonding type between the materials 
located on two sides of the cohesive elements, and it should be characterized either 
experimentally or by atomistic simulations. Not much data is available in literature on the 
fracture properties of various interfaces existing in bone. Therefore, throughout the modeling, 
several assumptions were made on the type and intensity of forces holding surfaces together. 
Selecting different input parameters for cohesive elements would obviously change the modeling 
results. As an illustration, three types of collagen-HA interactions were examined in the model; 
weak, intermediate, and strong. The predicted modeling results for the strength and ultimate 
strain of a mineralized collagen fibril, shown in Figures 6.9 and 6.10, were very different for 
different interactions employed. 
Furthermore, here, the behavior of bone was studied under uniaxial tension and it was 
assumed that bone’s behavior at all the scales is the same under compression and tension. 
However, several studies showed that the elastic properties and strength of bone are different in 
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Finally, the models proposed here only took into account the dominant damage mechanism 
of bone at each scale. Several other damage mechanisms as well as toughening mechanisms are 
available at different length scales which were neglected in the models, for simplicity. 
In conclusion, modeling the damage and failure of bone and predicting its strength are rich, 
challenging problems. To our knowledge, no multiscale model of bone’s strength is available in 
literature. In the current study, in spite of all the simplifying assumptions and selections, some 
lights were shed on this problem. The predicted damage mechanisms and strength of bone at 
different scales were in good agreement with other experimental and theoretical data available in 
literature; however, the obtained results should be treated just as estimations and not final values.  
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CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS 
 
The current dissertation set up a multiscale modeling framework to predict the elastic 
properties and strength of cortical and trabecular bones. The models took into account the 
structural and biomechanical features of bone at different length scales: sub-nanoscale (a 
collagen micro-fibril), nanoscale (a mineralized collagen fibril), sub-microscale (a single 
lamella), microscale (single osteon and an interstitial lamella in cortical bone, while single 
trabecula in trabecular bone), and mesoscale (a cortical bone and a trabecular bone). The 
predicted modeling results for mechanical properties of bone at different levels of hierarchy were 
in good agreement with experimental and theoretical data available in literature. The proposed 
multiscale models help not only to better understand the physics and mechanics of bone at a single 
scale, but also to build the missing links between different length scales. 
The proposed models could be improved to better represent the underlying biology, physics, 
and mechanics of bone. Some of the recommendations for future studies are given below: 
- Instead of idealized periodic structures of bone at different scales, actual geometries and 
structures obtained by imaging techniques (such as µCT) could be employed. 
- By changing the input parameters and microstructures, the models could be employed to 
capture the behavior of diseased as well as aging/old bone. As examples, the disease 
osteogenesis imperfecta is due to mutations in collagen structure or the disease 
osteoporosis is associated with changes in collagen cross-linking and degree of 
mineralization. The proposed multiscale models could easily handle the changes in 
collagen quality and collagen cross-linking or mineral volume fraction at nanoscale. That 
would be a good study to link the clinical symptoms of bone diseases at macroscale to 
structural and material changes at lower scales. 
- The study of demineralized and deproteinized bones showed that both the collagen and 
minerals form continuous phases implying that bone in an interpenetrating composite 
material. However, like all the other FEM studies of bone available in literature, the 
current FEM models represented HA minerals as isolated crystals inside the collagen 
matrix. Such models cannot explain the mechanical behavior of demineralized and 
deproteinized bones tested experimentally. As an extension, one could build FEM models 
of bone in which collagen and HA minerals intertwine each other, while their structural 
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and geometrical features are also maintained. Checkerboard or chessboard models could 
potentially be the starting pint models. 
- The modeling procedure proposed in the current study for capturing the damage 
mechanisms of bone and predicting its strength did not include the mesoscale (cortical 
and trabecular bone levels). The addition of that scale to the model could nicely complete 
the multiscale modeling framework.  
- Finally, in all the models, bone was assumed to be under static loading conditions. Study 
of bone’s behavior under dynamic and impact loading could also be of interest and might 
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